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PREFACE. 


In preparing this version in English of Fourier’s 
celebrated treatise on Heat, the Fete has followed 
faithfully the French original. He has, however, ap- 
pended brief foot-notes, in which will be found references 
to other writings of Fourier and modern authors on 
the subject : these are distinguished by the initials A. F. 
The notes marked R. L. E. are taken from pencil me- 
moranda’ on the margin of a copy of the work that 
formerly belonged to the late Robert Leslie Ellis, 
Fellow of Trinity College, and is now in the possession 
of St John’s College. It was the translator's hope to 
have been able to prefix to this treatise a Memoir 
of Fourier’s life with some account of his writings; 
unforeseen circumstances have however prevented its 


completion in time to appear with the present work. 
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PRELIMINARY DISCOURSE 


A 

PRIMARY causes are unknown to us; but are subject to simple 
and constant laws, which may be discovered by observation, the 
study of them being the object of natural philosophy. 

Heat, like gravity, penetrates every substance of the universe, 
its rays occupy all parts of space. The object of our work is to 
set forth the mathematical laws which this element obeys. The 
theory of heat will hereafter form one of the most important 
branches of general physics. 

The knowledge of rational mechanics, which the most ancient 
nations had been able to acquire, has not come down to us, and 
the history of this science, if we except the first theorems in 
harmony, is not traced up beyond the discoveries of Archimedes. 
This great geometer explained the mathematical principles of 
the equilibrium of solids and fluids. About eighteen centuries 
elapsed before Galileo, the originator of dynamical theories, dis- 
covered the laws of motion of heavy bodies. Within this new 
science Newton comprised the whole system of the universe. The 
successors of these philosophers have extended these theories, and 
given them an admirable perfection: they have taught us that 
the most diverse phenomena are subject to a small number of 
fundamental laws which are reproduced in all the acts of nature. 
It is recognised that the same principles regulate all the move- 
ments of the stars, their form, the inequalities of their courses, 
the equilibrium and the oscillations of the seas, the harmonic 
vibrations of air and sonorous bodies, the: transmission of light, 
capillary actions, the undulations of fluids, in fine the most com- 
plex effects of all the natural forces, and thus has the thought 
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2 THEORY OF HEAT. 


of Newton been confirmed: quod tam paucis tam multa preestet 
geometria gloriatur’. 

But whatever may be the range of mechanical theories, they 
do not apply to the effects of heat. These make up a special 
order of phenomena, which cannot be explained by the principles 
of motion and equilibrium. We have for a long time been in 
possession of ingenious instruments adapted to measure many 
of these effects; valuable observations have been collected; but 
in this manner partial results only have become known, and 
not the mathematical demonstration of the laws which include 
them all. 

I have deduced these laws from prolonged study and at- 
tentive comparison of the facts known up to this time: all these 
facts I have observed afresh in the course of several years with 
the most exact instruments that have hitherto been used. 

To found the theory, it was in the first place necessary to 
distinguish and define with precision the elementary properties 
which determine the action of heat. I then perceived that all the 
phenomena which depend on this action resolve themselves into 
a very small number of general and simple facts; whereby every 
physical problem of this kind is brought back to an investiga- 
tion of mathematical analysis. From these general facts I have 
concluded that to determine numerically the most varied move- 
ments of heat, it is sufficient to submit each substance to three 
fundamental observations. - Different bodies in fact do not possess 
in the same degree the power to contain heat, to receive or transmit 
it acress their surfaces, nor to conduct it through the interior of 
their masses. These are the three specific qualities. which our . 
theory clearly distinguishes and shews how to measure. 

It is easy to judge how much these researches concern the 
physical sciences and civil economy, and what may be their 
influence on the progress of the arts which require the employ- 
ment and distribution of heat. They have also a necessary con- 
nection with the system of the world, and their relations become 
known when we consider the grand phenomena which take place 
near the surface of the terrestrial globe. 


1 Philosophie naturalis principia mathematica. Auctoris prefatio ad lectorem. 
Ac gloriatur geometria quod tam paucis principiis aliunde petitis tam multa 
prestet. [A. F.] 


PRELIMINARY DISCOURSE. 3 


In fact, the radiation of the sun in which this planet is 
incessantly plunged, penetrates the air, the earth, and the waters; 
its elements are divided, change in direction every way, and, 
penetrating the mass of the globe, would raise its mean tem- 
perature more and more, if the heat acquired were not exactly 
balanced by that which escapes in rays from all points of the 
surface and expands through the sky. 

Different climates, unequally exposed to the action of solar 
heat, have, after an immense time, acquired the temperatures 
proper to their situation. This effect is modified by several ac- 
cessory causes, such as elevation, the form of the ground, the 
neighbourhood and extent of continents and seas, the state of the 
surface, the direction of the winds. 

The succession of day and night, the alternations of the 
seasons occasion in the solid earth periodic variations, which are 
repeated every day or every year: but these changes become 
less and less sensible as the point at which they are measured 
recedes from the surface. No diurnal variation can be detected 
at the depth of about three metres [ten feet]; and the annual 
variations cease to be appreciable at a depth much less than 
sixty metres. The temperature at great depths is then sensibly 
fixed at a given place: but it is not the same at all points of the 
same meridian ; in general it rises as the equator is approached. 

The heat which the sun has communicated to the terrestrial 
globe, and which has produced the diversity of climates, is now 
subject to a movement which has become uniform. It advances 
within the interior of the mass which it penetrates throughout, 
and at the same time recedes from the plane of the equator, and 
proceeds to lose itself across the polar regions. 

In the higher regions of the atmosphere the air is very rare 
and transparent, and retains but a minute part of the heat of 
the solar rays: this is the cause of the excessive cold of elevated 
places. The lower layers, denser and more heated by the land 
and water, expand and rise up: they are cooled by the very 
fact of expansion. The great movements of the air, such as 
the trade winds which blow between the tropics, are not de- 
termined by the attractive forces of the moon and sun. The 
action of these celestial bodies produces scarcely perceptible 
oscillations in a fluid so rare and at so great a distance. It 
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is the changes of temperature which periodically displace every 
part of the atmosphere. 

The waters of the ocean are differently exposed at their 
surface to the rays of the sun, and the bottom of the basin 
which contains them is heated very unequally from the poles 
to the equator. These two causes, ever present, and combined 
with gravity and the centrifugal force, keep up vast movements 
in the interior of the seas.. They displace and mingle all the 
parts, and produce those general and regular currents which 
navigators have noticed. 

Radiant heat which escapes from the surface of all bodies, 
and traverses elastic media, or spaces void of air, has special 
laws, and occurs with widely varied phenomena. The physical 
explanation of many of these facts is already known; the mathe- 
matical theory which I have formed gives an exact measure of 
them. It consists, in a manner, in a new catoptrics which 
has its own theorems, and serves to determine by analysis all 
the effects of heat direct or reflected. 

The enumeration of the chief objects of the theory sufficiently 
shews the nature of the questions which I have proposed to 
myself. What are the elementary properties which it is requisite 
to observe in each substance, and what are the experiments 
most suitable to determine them exactly? If the distribution 
of heat in solid matter is regulated by constant laws, what is 
the mathematical expression of those laws, and by what analysis 
may we derive from this expression the complete solution of 
the principal problems? Why do terrestrial temperatures cease 
to be variable at a depth so small with respect to the radius 
of the earth? Every inequality in the movement of this planet 
necessarily occasioning an oscillation of the solar heat beneath 
the surface, what relation is there between the duration of its 
period, and the depth at which the temperatures become con- 
stant ? 

What time must have elapsed before the climates could acquire 
the different temperatures which they now maintain; and what 
are the different causes which can now vary their mean heat ? 
Why do not the annual changes alone in the distance of the 


sun from the earth, produce at the surface of the earth very 
considerable changes in the temperatures ? 
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From what characteristic can we ascertain that the earth 
has not entirely lost its original heat; and what are the exact 
laws of the loss ? 

If, as several observations indicate, this fundamental heat 
is not wholly dissipated, it must be immense at: great depths, 
and nevertheless it has no sensible influence at the present time 
on the mean temperature of the climates. The effects which 
are observed in them are due to the action of the solar rays. 
But independently of these two sources of heat, the one funda- 
mental and primitive, proper to the terrestrial globe, the other due 
to the presence of the sun, is there not a more Aniversal cause, 
which determines the temperature of the heavens, in that part 
of space which the solar system now occupies? Since the ob- 
served facts necessitate this cause, what are the consequences 
of an exact theory in this entirely new question; how shall we 
be able to determine that constant value of the temperature of 
space, and deduce from it the temperature which belongs to each 
planet ? 

To these questions must be added others which depend on 
the properties of radiant heat. The physical cause of the re- 
flection of cold, that is to say the reflection of a lesser degree 
of heat, is very distinctly known; but what is the mathematical 
expression of this effect ? 

On what general principles do the atmospheric temperatures 
depend, whether the thermometer which measures them receives 
the solar rays directly, on a surface metallic or unpolished, 
or whether this instrument remains exposed, during the night, 
under a sky free from clouds, to contact with the air, to radiation 
from terrestrial bodies, and to that from the most distant and 
coldest parts of the atmosphere ? 

The intensity of the rays which escape from a point on the 
surface of any heated body varying with their inclination ac- 
cording to a law which experiments have indicated, is there not a 
necessary mathematical relation between this law and the general 
fact of the equilibrium of heat; and what is the physical cause of 
this inequality in intensity ? 

Lastly, when heat penetrates fluid masses, and determines in 
them internal movements by continual changes of the temperature 
and density of each molecule, can we still express, by differential 
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equations, the laws of such a compound effect; and what is the 
resulting change in the general equations of hydrodynamics ? 

Such are the chief problems which I have solved, and which 
have never yet been submitted to calculation. If we consider 
further the manifold relations of this mathematical theory to 
civil uses and the technical arts, we shall recognize completely 
the extent of its applications. It is evident that it includes an 
entire series of distinct phenomena, and that the study of it 
cannot be omitted without losing a notable part of the science of 
nature. 

The principles of the theory are derived, as are those of 
rational mechanics, from a very small number of primary facts, 
the causes of which are not considered by geometers, but which 
they admit as the results of common observations confirmed by all 
experiment. 

The differential equations of the propagation of heat express 
the most general conditions, and reduce the physical questions to 
problems of pure analysis, and this is the proper object of theory. 
They are not less rigorously established than the general equations 
of equilibrium and motion. In order to make this comparison 
more perceptible, we have always preferred demonstrations ana- 
logous to those of the theorems which serve as the foundation 
of statics and dynamics. These equations still exist, but receive 
a different form, when they express the distribution of luminous 
heat in transparent bodies, or the movements which the changes 
of temperature and density occasion in the interior of fluids. 
The coefficients which they contain are subject to variations whose 
exact measure is not yet known; but in all the natural problems 
which it most concerns us to consider, the limits of temperature 
differ so little that we may omit the variations of these co- 
efficients. 

The equations of the movement of heat, like those which 
express the vibrations of sonorous bodies, or the ultimate oscilla- 
tions of liquids, belong to one of the most recently discovered 
branches of analysis, which it is very important to perfect. After 
having established these differential equations their integrals must 
be obtained; this process consists in passing from a common 
expression to a particular solution subject to all the given con- 
ditions. This difficult investigation requires a special analysis 
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founded on new theorems, whose object we could not in this 
place make known. The method which is derived from them 
leaves nothing vague and indeterminate in the solutions, it leads 
them up to the final numerical applications, a necessary condition 
of every investigation, without which we should only arrive at 
useless transformations. 

The same theorems which have made known to us the 
equations of the movement of heat, apply directly to certain pro- 
blems of general analysis and dynamics whose solution has for a 
long time been desired. 

Profound study of nature is the most fertile sotrce of mathe- 
matical discoveries. Not only has this study, in offering a de- 
terminate object to investigation, the advantage of excluding 
vague questions and calculations without issue; it is besides a 
sure method of forming analysis itself, and of discovering the 
elements which it concerns us to know, and which natural science 
ought always to preserve: these are the fundamental elements 
which are reproduced in all natural effects. 

We see, for example, that the same expression whose abstract 
properties geometers had considered, and which in this respect 
belongs to general analysis, represents as well the motion of light 
in the atmosphere, as it determines the laws of diffusion of heat 
in solid matter, and enters into all the chief problems of the 
theory of probability. 

The analytical equations, unknown to the ancient geometers, 
which Descartes was the first to introduce into the study of curves 
and surfaces, are not restricted to the properties of figures, and to 
those properties which are the object of rational mechanics; they 
extend to all general phenomena. There cannot be a language 
more universal and more simple, more free from errors and from 
obscurities, that is to say more worthy to express the invariable 
relations cf natural things. 

Considered from this point of view, mathematical analysis is as 
extensive as nature itself; it defines all perceptible relations, 
measures times, spaces, forces, temperatures; this difficult science 
is formed slowly, but it preserves every principle which it has once 
acquired ; it grows and strengthens itself incessantly in the midst 
of the many variations and errors of the human mind. 

Its chief attribute is clearness ; it has no marks to express con- 
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fused notions, It brings together phenomena the most diverse, 
and discovers the hidden analogies which unite them. If matter 
escapes us, as that of air and light, by its extreme tenuity, if 
bodies are placed far from us in the immensity of space, if man 
wishes to know the aspect of the heavens at successive epochs 
separated by a great number of centuries, if the actions of gravity 
and of heat are exerted in the interior of the earth at depths 
which will be always inaccessible, mathematical analysis can yet 
lay hold of the laws of these phenomena. It makes them present 
and measurable, and seems to be a faculty of the human mind 
destined to supplement the shortness of life and the imperfec- 
tion of the senses; and what is still more remarkable, it follows 
the same course in the study of all phenomena; it interprets them 
by the same language, as if to attest the unity and simplicity of 
the plan of the universe, and to make still more evident that 
unchangeable order which presides over all natural causes. 

The problems of the theory of heat present so many examples 
of the simple and constant dispositions which spring from the 
general laws of nature; and if the order which is established in 
these phenomena could be grasped by our senses, it would produce 
in us an impression comparable to the sensation of musical sound. 

The forms of bodies are infinitely varied; the distribution of 
the heat which penetrates them seems to be arbitrary and confused; 
but all the inequalities are rapidly cancelled and disappear as time 
passes on. The progress of the phenomenon becomes more regular 
and simpler, remains finally subject to a definite law which is the 
same in all cases, and which bears no sensible impress of the initial 
arrangement. 

All observation confirms these consequences. The analysis 
from which they are derived separates and expresses clearly, 1° the 
general conditions, that is to say those which spring from the 
natural properties of heat, 2° the effect, accidental but continued, 
of the form or state of the surfaces ; 3° the effect, not permanent, 
of the primitive distribution. 

In this work we have demonstrated all the principles of the 
theory of heat, and solved all the fundamental problems. They 
could have been explained more concisely by omitting the simpler 
problems, and presenting in the first instance the most general 
results; but we wished to shew the actual origin of the theory and 
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its gradual progress. When this knowledge has been acquired 
and the principles thoroughly fixed, it is preferable to employ at 
once the most extended analytical methods, as we have done in 
the later investigations. This is also the course which we shall 
hereafter follow in the memoirs which will be added to this work, 
and which will form in some manner its complement’; and by this 
means we shall have reconciled, so far as it can depend on our- 
selves, the necessary development of principles with the precision 
which becomes the applications of analysis. 

The subjects of these memoirs will be, the theory of radiant 
heat, the problem of the terrestrial temperatures, that of the 
temperature of dwellings, the comparison of theoretic results with 
those which we have observed in different experiments, lastly the 
demonstrations of the differential equations of the movement of 
heat in fluids. 

The work which we now publish has been written a long time 
since; different circumstances have delayed and often interrupted 
the printing of it. In this interval, science has been enriched by 
important observations; the principles of our analysis, which had 
not at first been grasped, have become better known; the results 
which we had deduced from them have been discussed and con- 
firmed. We ourselves have applied these principles to new 
problems, and have changed the form of some of the proofs, 
The delays of publication will have contributed to make the work 
clearer and more complete. 

The subject of our first analytical investigations on the transfer 
of heat was its distribution amongst separated masses; these have 
been preserved in Chapter III., Section II. The problems relative 
to continuous bodies, which form the theory rightly so called, were 
solved many years afterwards; this theory was explained for the 
first time in a manuscript work forwarded to the Institute of 
France at the end of the year 1807, an extract from which was 
published in the Bulletin des Sciences (Socrété Philomatique, year 
1808, page 112). We added to this memoir, and successively for- 
warded very extensive notes, concerning the convergence of series, 
the diffusion of heat in an infinite prism, its emission in spaces 


1 These memoirs were never collectively published as a sequel or complement 
to the Théorie Analytique de la Chaleur. But, as will be seen presently, the author 
had written most of them before the publication of that work in 1822, [A. F.] 
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void of air, the constructions suitable for exhibiting the chief 
theorems, and the analysis of the periodic movement at the sur- 
face of the earth. Our second memoir, on the propagation of 
heat, was deposited in the archives of the Institute, on the 28th of 
September, 1811. It was formed out of the preceding memoir and 
the notes already sent in; the geometrical constructions and 
those details of analysis which had no necessary relation to the 
physical problem were omitted, and to it was added the general 
equation which expresses the state of the surface. This second 
work was sent to press in the course of 1821, to be inserted in 
the collection of the Academy of Sciences. It is printed without 
any change or addition ; the text agrees literally with the deposited 
manuscript, which forms part of the archives of the Institute’. 

In this memoir, and in the writings which preceded it, will be 
found a first explanation of applications which our actual work 


1 Tt appears as a memoir and supplement in volumes IV. and V. of the Mé- 
moires de V Académie des Sciences. For convenience of comparison with the table 
of contents of the Analytical Theory of Heat, we subjoin the titles and heads of 
the chapters of the printed memoir: 

THGoORIE DU MOUVEMENT DE LA CHALEUR DANS LES CORPS SOLIDES, PAR M. 
Fournier. [Mémoires de V Académie Royale des Sciences de lV’ Institut de France. 
Tome IV. (for year 1819). Paris 1824.] 

I. Exposition. 

Il. Notions générales et définitions préliminaires. 

Ill. Equations du mouvement de la chaleur. 

IV. Du mouvement linéaire et varié de la chaleur dans wne armille. 

VY. De la propagation dela chaleur dans une lame rectangulaire dont les températures 
sont constantes. 

VI. De la communication de la chaleur entre des masses disjointes. 

VII. Du mouvement varié de la chaleur dans une sphére solide. 

VIII. Du mouvement varié de la chaleur dans un cylindre solide. 

IX. De la propagation de la chaleur dans un prisme dont Vextrémité est assujettie 
a une température constante. 

X. Du mouvement varié de la chaleur dans un solide de forme cubique. 

XI, Du mouvement linéaire et varié de la chaleur dans les corps dont une dimension 
est infinie. 

SUITE DU MSMOIRE INTITULE: THEORIE DU MOUVEMENT DE LA CHALEUR DANS 
LES CORPS SOLIDES; PAR M. Fourier. [Mémoires de ? Académie Royale des Sciences 
de VInstitut de France. Tome V. (for year 1820). Paris, 1826.] 

XII. Des températures terrestres, et du mouvement de la chaleur dans Vintérieur 
@une sphere solide, dont la surface est assujettie & des changemens périodiques 
de température. 

XII. Des lois mathématiques de Véquilibre de la chaleur rayonnante. 

XIV. Comparaison des résultats de la théorie avec ceux de diverses expériences. 
[A. F.] 
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does not contain ; they will be treated in the subsequent memoirs? 
at greater length, and, if it be in our power, with greater clear- 
ness. The results of our labours concerning the same problems 
are also indicated in several articles already published. The 
extract inserted in the Annales de Chimie et de Physique shews 
the aggregate of our researches (Vol. 111. page 350, year 1816). 
We published in the Annales two separate notes, concerning 
radiant heat (Vol. Iv. page 128, year 1817, and Vol. vi. page 259, 
year 1817). 

Several other articles of the same collection present the most 
constant results of theory and observation; the utility and the 
extent of thermological knowledge could not be better appreciated 
than by the celebrated editors of the Annales’. 

In the Bulletin des Sciences (Société philomatique year 1818, 
page 1, and year 1820, page 60) will be found an extract from 
a memoir on the constant or variable temperature of dwellings, 
and an explanation of the chief consequences of our analysis of 
the terrestrial temperatures. 

M. Alexandre de Humboldt, whose researches embrace all the 
great problems of natural philosophy, has considered the obser- 
vations of the temperatures proper to the different climates 
from a novel and very important point of view (Memoir on Iso- 
thermal lines, Société d’ Arcueil, Vol. 11. page 462); (Memoir on 
the inferior limit of perpetual snow, Annales de Chimie et de 
Physique, Vol. v. page 102, year 1817). 

As to the differential equations of the movement of heat in 
fluids* mention has been made of them in the annual history of 
the Academy of Sciences. The extract from our memoir shews 
clearly its object and principle. (Analyse des travaux de lAca- 
démie des Sciences, by M. De Lambre, year 1820.) 

The examination of the repulsive forces produced by heat, 
which determine the statical properties of gases, does not belong 


1 See note, page 9, and the notes, pages 11—13. 

2 Gay-Lussac and Arago. See note, p. 13. 

3 Mémoires de V Académie des Sciences, Tome XII., Paris, 1833, contain on pp. 
507—514, Mémoire d’analyse sur le mouvement de la chaleur dans les fluides, par M. 
Fourier. Lu & VAcadémie Royale des Sciences, 4 Sep. 1820. It is followed on pp, 
515—530 by Extrait des notes manuscrites conservées par Vauteur. The memoir 
is signed Jh. Fouricr, Paris, 1 Sep. 1820, but was published after tho death of the 
author. [A. l’.] 
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to the analytical subject which we have considered. This question 
connected with the theory of radiant heat has just been discussed 
by the illustrious author of the Mécanique céleste, to whom all 
the chief branches of mathematical analysis owe important 
discoveries. (Connaissance des Temps, years 1824-5.) 

The new theories explained in our work are united for ever 
to the mathematical sciences, and rest like them on invariable 
foundations ; aJl the elements which they at present possess they 
will preserve, and will continually acquire greater extent. Instru- 
ments will be perfected and experiments multiplied. The analysis 
which we have formed will be deduced from more general, that 
is to say, more simple and more fertile methods common to many 
classes of phenomena. For all substances, solid or liquid, for 
vapours and permanent gases, determinations will be made of all 
the specific qualities relating to heat, and of the variations of the 
coefficients which express them’. At different stations on the 
earth observations will be made, of the temperatures of the 
ground at different depths, of the intensity of the solar heat and 
its effects, constant or variable, in the atmosphere, in the ocean 
and in lakes; and the constant temperature of the heavens proper 
to the planetary regions will become known*. The theory itself 


1. Mémoires de VAcadémie des Sciences, Tome VIII., Paris 1829, contain on 
pp. 581—622, Mémoire sur la Théorie Analytique de la Chaleur, par M, Fourier. 
This was published whilst the author was Perpetual Secretary to the Academy. 
The first only of four parts of the memoir is printed. The contents of all are 
stated. I. Determines the temperature at any point of a prism whose terminal 
temperatures are functions of the time, the initial temperature at any point being 
a function of its distance from one end. II. Examines the chief consequences of 
the general solution, and applies it to two distinct cases, according as the tempe- 
ratures of the ends of the heated prism are periodic or not. III. Is historical, 
enumerates the earlier experimental and analytical researches of other writers 
relative to the theory of heat; considers the nature of the transcendental equations 
appearing in the theory; remarks on the employment of arbitrary functions ; 
replies to the objections of M. Poisson; adds some remarks on a problem of the 
motion of waves. IV. Extends the application of the theory of heat by taking 
account, in the analysis, of variations in the specific coefficients which measure 
the capacity of substances for heat, the permeability of solids, and the penetra- 
bility of their surfaces. [A. F.] 

2 Mémoires de VAcadémie des Sciences, Tome VII., Paris, 1827, contain on 
pp. 569—604, Mémoire sur les températures du globe terrestre et des espaces plané- 
taires, par M. Fourier. The memoir is entirely descriptive; it was read before the 
Academy, 20 and 29 Sep. 1824 (Annales de Chimie et de Physique, 1824, xxvu. 
p. 136). [A. F.] 
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will direct all these measures, and assign their precision. No 
considerable progress can hereafter be made which is not founded 
on experiments such as these; for mathematical analysis can 
deduce from general and simple phenomena the expression of the 
laws of nature; but the special application of these laws to very 
complex effects Mende a long series of exact observations. 


The complete list of the Articles on Heat, published by M. Fourier, in the 
Annales de Chimie et de Physique, Series 2, is as follows: 

1816. III. pp. 350—375. Whéorie de la Chaleur (Extrait). Description by the 
author of the 4to volume afterwards published in 1822 without the chapters on 
radiant heat, solar heat as it affects the earth, the comparison’ of analysis with 
experiment, and the history of the rise and progress of the theory of heat. 

1817. IV. pp. 128—145. Note sur la Chaleur rayonnante. Mathematical 
sketch on the sine law of emission of heat from a surface. Proves the author’s 
paradox on the hypothesis of equal intensity of emission in all directions. 

1817. VI. pp. 259—303. Questions sur la théorie physique de la chaleur 
rayonnante. An elegant physical treatise on the discoveries of Newton, Pictet, 
Wells, Wollaston, Leslie and Prevost. 

1820. XIII. pp. 418—438. Sur le refroidissement séculaire de la terre (Extrait). 
Sketch of a memoir, mathematical and descriptive, on the waste of the earth’s 
initial heat. 

1824, XXVII. pp. 1836—167. Remarques générales sur les températures du globe 
terrestre et des espaces planétaires. This is the descriptive memoir referred to 
above, Mém. Acad. d. Sc. Tome VII. 

1824, XXVII. pp. 236—281. Résumé théorique des propriétés de la chaleur 
rayonnante. Elementary analytical account of surface-emission and absorption 
based on the principle of equilibrium of temperature. 

1825. XXVIII. pp. 337—365. Remarques sur la théorie mathématique de la 
chaleur rayonnante. Elementary analysis of emission, absorption and reflection 
by walls of enclosure uniformly heated. At p. 364, M. Fourier promises a Théorie 
physique de la chaleur to contain the applications of the Théorie Analytique 
omitted from the work published in 1822. 

1828. XXXVII. pp. 291—315. Recherches expérimentales sur la faculté con- 
ductrice des corps minces soumis @ Vaction de la chaleur, et description Wun nouveau 
thermoméetre de contact. A thermoscope of contact intended for lecture demonstra- 
tions is also described. M. Emile Verdet in his Conférences de Physique, Paris, 
1872. Part I. p. 22, has stated the practical reasons against relying on the 
theoretical indications of the thermometer of contact. [A. F.] 


Of the three notices of memoirs by M. Fourier, contained in the Bulletin des 
Sciences par la Société Philomatique, and quoted here at pages 9 and 11, the first 
was written by M. Poisson, the mathematical editor of the Bulletin, the other two by 
M. Fourier, [A. F.] 
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Et ignem regunt numeri,—Puato!. 


CHAPTER I. 


INTRODUCTION. 


FIRST SECTION. 
Statement of the Object of the Work. 


1. THE effects of heat are subject to constant laws which 
cannot be discovered without the aid of mathematical analysis. 
The object of the theory which we are about to explain is to 
demonstrate these laws; it reduces all physical researches on 
the propagation of heat, to problems of the integral calculus 
whose elements are given by experiment. No subject has more 
extensive .relations with the progress of industry and the natural 
sciences; for the action of heat is always present, it penetrates 
all bodies and spaces, it influences the processes of the arts, 
and occurs in all the phenomena of the universe. 

‘When heat is unequally distributed among the different parts 
of a solid mass, it tends to attain equilibrium, and passes slowly 
from the parts which are more heated to those which are less; 
and at the same time it is dissipated at the surface, and lost 
in the medium or in the void. The tendency to uniform dis- 
tribution and the spontaneous emission which acts at the surface 
of bodies, change continually the temperature at their different 
points. The problem of the propagation of heat consists in 

1 Cf. Plato, Timeus, 53, B. 


Bre 6° érexetpeiro KoopetcOat 7d wav, wip mpdrov Kal yhv Kal dépa Kal Vowp 
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determining what is the temperature at each point of a body 
at a given instant, supposing that the initial temperatures are 
known. The following examples will more clearly make known 
the nature of these problems. 


2. If we expose to the continued and uniform action of a 
source of heat, the same part of a metallic ring, whose diameter 
is large, the molecules nearest to the source will be first heated, 
and, after a certain time, every point of the solid will have 
acquired very nearly the highest temperature which it can attain. 
This limit or greatest temperature is not the same at different 
points ; it becomes less and less according as they become more 
distant from that point at which the source of heat is directly 
applied. 

When the temperatures have become permanent, the source 
of heat supplies, at each instant, a quantity of heat which exactly 
compensates for that which is dissipated at all the points of the 
external surface of the ring. 

If now the source be suppressed, heat will continue to be 
propagated in the interior of the solid, but that which is lost 
in the medium or the void, will no longer be compensated as 
formerly by the supply from the source, so that all the tempe- 
ratures will vary and diminish incessantly until they have be- 
come equal to the temperatures of the surrounding medium. 


3. Whilst the temperatures are permanent and the source 
remains, if at every point of the mean circumference of the ring 
an ordinate be raised perpendicular to the plane of the ring, 
whose length is proportional to the fixed temperature at that 
point, the curved line which passes through the ends of these 
ordinates will represent the permanent state of the temperatures, 
and it is very easy to determine by analysis the nature of this 
line. It is to be remarked that the thickness of the ring is 
supposed to be sufficiently small for the temperature to be 
sensibly equal at all points of the same section perpendicular 
to the mean circumference. When the source is removed, the 
line which bounds the ordinates proportional to the temperatures 
at the different points will change its form continually. ‘The 
problem consists in expressing, by one equation, the variable 


‘ 


16 THEORY OF HEAT. [CHAP. I. 


form of this curve, and in thus including in a single formula 
all the successive states of the solid. 


4. Let z be the constant temperature at a point m of the 
mean circumference, x the distance of this point from the source, 
that is to say the length of the are of the mean circumference, 
included between the point m and the point o which corresponds 
to the position of the source; z is the highest temperature 
which the point m can attain by virtue of the constant action 
of the source, and this permanent temperature z is a function 
f(a) of the distance 2 The first part of the problem consists 
in determining the function f(#) which represents the permanent 
state of the solid. 

Consider next the variable state which succeeds to the former 
state as soon as the source has been removed; denote by ¢ the 
time which has passed since the suppression of the source, and 
by v the value of the temperature at the point m after the 
time ¢ The quantity v will be a certain function F (a, #) of 
the distance # and the time ¢; the object of the problem is to 
discover this function F’ (a, t), of which we only know as yet 
that the initial value is f (x), so that we ought to have the 
equation f (x) = F (a, 0). 


5. If we place a solid homogeneous mass, having the form 
of a sphere or cube, in a medium maintained at a constant tem- 
perature, and if it remains immersed for a very long time, it will 
acquire at all its points a temperature differing very little from 
that of the fluid. Suppose the mass to be withdrawn in order 
to transfer it to a cooler medium, heat will begin to be dissi- 
pated at its surface; the temperatures at different points of the 
mass will not be sensibly the same, and if we suppose it divided 
into an infinity of layers by surfaces parallel to its external sur- 
face, each of those layers will transmit, at each instant, a certain 
quantity of heat to the layer which surrounds it. If it be 
imagined that each molecule carries a separate. thermometer, 
which indicates its temperature at every instant, the state of 
the solid will from time to time be represented by the variable 
system of all these thermometric heights. It is required to 
express the successive states by analytical formule, so that we 
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may know at any given instant the temperatures indicated by 
each thermometer, and compare the quantities of heat which 
flow during the same instant, between two adjacent layers, or 
into the surrounding medium. 


6. If the mass is spherical, and we denote by a the distance 
of a point of this mass from the centre of the sphere, by ¢ the 
time which has elapsed since the commencement of the cooling, 
and by v the variable temperature of the point m, it is easy to see 
that all points situated at the same distance # from the centre 
of the sphere have the same temperature v. This quantity v is a 
certain function F (2, t) of the radius # and of the time ¢; it must 
be such that it becomes constant whatever be the value of 2, when 
we suppose ¢ to be nothing ; for by hypothesis, the temperature at 
all points is the same at the moment of emersion. The problem 
consists in determining that function of and ¢ which expresses 
the value of v. 


7. In the next place it is to be remarked, that during the 
cooling, a certain quantity of heat escapes, at each instant, through 
the external surface, and passes into the medium. The value of 
this quantity is not constant; it is greatest at the beginning of the 
cooling. If however we consider the variable state of the internal 
spherical surface whose radius is x, we easily see that there must 
be at each instant a certain quantity of heat which traverses that 
surface, and passes through that part of the mass which is more 
distant from the centre. This continuous flow of heat is variable 
like that through the external surface, and both are quantities 
comparable with each other; their ratios are numbers whose vary- 
ing values are functions of the distance z, and of the time ¢ which 
has elapsed. It is required to determine these functions. 


8. If the mass, which has been heated by a long immersion in 
a medium, and whose rate of cooling we wish to calculate, is 
of cubical form, and if we determine the position of each pcint m by 
three rectangular co-ordinates 2, y, z, taking for origin the centre 
of the cube, and for axes lines perpendicular to the faces, we see 
that the temperature v of the point m after the time ¢, is a func- 
tion of the four variables a, y, z, and t. The quantities of heat 
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which flow out at each instant through the whole external surface 
of the solid, are variable and comparable with each other; their 
ratios are analytical functions depending on the time ¢, the expres- 
sion of which must be assigned. 


9. Let us examine also the case in which a rectangular prism 
of sufficiently great thickness and of infinite length, being sub- 
mitted at its extremity to a constant temperature, whilst the air 
which surrounds it is maintained at a less temperature, has at last 
arrived at a fixed state which it is required to determine. All the 
points of the extreme section at the base of the prism have, by 
hypothesis, a common and permanent temperature. It is not the 
same with a section distant from the source of heat; each of the 
points of this rectangular surface parallel to the base has acquired 
a fixed temperature, but this is not the same at different points of 
the same section, and must be less at points nearer to the surface 
exposed to the air. We see also that, at each instant, there flows 
across a given section a certain quantity of heat, which always 
remains the same, since the state of the solid has become constant. 
The problem consists in determining the permanent temperature 
at any given point of the solid, and the whole quantity of heat 
which, in a definite time, flows across a section whose position is 
given. 


10. Take as origin of co-ordinates 2, y, z, the centre of the 
base of the prism, and as rectangular axes, the axis of the prism 
itself, and the two perpendiculars on the sides: the permanent 
temperature v of the point m, whose co-ordinates are a, y, Zz, is 
a function of three variables F (a, y, 2): it has by hypothesis a 
constant value, when we suppose x nothing, whatever be the values 
of y and z. Suppose we take for the unit of heat that quantity 
which in the unit of time would emerge from an area equal to a 
unit of surface, if the heated mass which that area bounds, and 
which is formed of the same substance as the prism, were continu- 
ally maintained at the temperature of boiling water, and immersed 
in atmospheric air maintained at the temperature of melting ice. 

We see that the quantity of heat which, in the permanent 
state of the rectangular prism, flows, during a unit of time, across 
a certain section perpendicular to the axis, has a determinate ratio 
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to the quantity of heat taken as unit. This ratio is not the same 
for all sections: it is a function ¢ (x) of the distance a, at which 
the section is situated. It is required to find an analytical expres- 
sion of the function ¢ (a). 


11. The foregoing examples suffice to give an exact idea of 
the different problems which we have discussed. 

The solution of these problems has made us understand that 
the effects of the propagation of heat depend in the case of every 
solid substance, on three elementary qualities, which are, its capa- 
city for heat, its own conducibility, and the exterior conducibility. 

It has been observed that if two bodies of the same volume 
and of different nature have equal temperatures, and if the same 
quantity of heat be added to them, the increments of temperature 
are not the same; the ratio of these increments is the ratio of 
their capacities for heat. In this manner, the first of the three 
specific elements which regulate the action of heat is exactly 
defined, and physicists have for a long ‘time known several methods 
of determining its value. It is not the same with the two others ; 
their effects have often been observed, but there is but one exact 
theory which can fairly distinguish, define, and measure them 
with precision. 

The proper or interior conducibility of a body expresses the 
facility with which heat is propagated in passing from one internal 
molecule to another. The external or relative conducibility of a 
solid body depends on the facility with which heat penetrates the 
surface, and passes from this body into a given medium, or passes 
from the medium into the solid. The last property is modified by 
the more or less polished state of the surface ; it varies also accord- 
ing to the medium in which the body is immersed; but the 
interior conducibility can change only with the nature of the 
solid. 

These three elementary qualities are represented in our 
formule by constant numbers, and the theory itself indicates 
experiments suitable for measuring their values. As soon as they 
are determined, all the problems relating to the propagation of 
heat depend only on numerical analysis. The knowledge of these 
specific properties may be directly useful in several applications of 
the physical sciences; it is besides an element in the study and 
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description-of different substances. It is a very imperfect know- 
ledge of bodies which ignores the relations which they have with 
one of the chief agents of nature. Jn general, there is no mathe- 
matical theory which has a closer relation than this with public 
economy, since it serves to give clearness and perfection to the 
practice of the numerous arts which are founded on the employ- 
ment of heat. 


12. The problem of the terrestrial temperatures presents 
one of the most beautiful applications of the theory of heat; the 
general idea to be formed of it is this. Different parts of the 
surface of the globe are unequally exposed to the influence of the 
solar rays; the intensity of their action depends on the latitude of 
the place; it changes also in the course of the day and in the 
course of the year, and is subjéct to other less perceptible in- 
equalities. It is evident that, between the variable state of the 
surface and that of the internal temperatures, a necessary relation 
exists, which may be derived from theory. We know that, at a 
certain depth below the surface of the earth, the temperature at a 
given place experiences no annual variation: this permanent 
underground temperature becomes less and less according as the 
place is more and more distant from the equator. We may then 
leave out of consideration the exterior envelope, the thickness of 
which is incomparably small with respect to the earth’s radius, 
and regard our planet as a nearly spherical mass, whose surface 
is subject to a temperature which remains constant at all points 
on a given parallel, but is not the same on another parallel. It 
follows from this that every internal molecule has also a fixed tem- 
perature determined by its position. The mathematical problem 
consists in discovering the fixed temperature at any given point, 
and the law which the solar heat follows whilst penetrating the 
interior of the earth. 

This diversity of temperature interests us still more, if we 
consider the changes which succeed each other in the envelope 
itself on the surface of which we dwell. Those alternations of 
heat and cold which are reproduced every day and in the course of 
every year, have been up to the present time the object of repeated 
observations. These we can now submit to calculation, and from 
a common theory derive all the particular facts which experience 
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has taught us. The problem is reducible to the hypothesis that 
every point of a vast sphere is affected by periodic temperatures ; 
analysis then tells us according to what law the intensity of these 
variations decreases according as the depth increases, what is the 
amount of the annual or diurnal changes at a given depth, the 
epoch of the changes, and how the fixed value of the underground 
temperature is deduced from the variable temperatures observed 
at the surface. 


13. The general equations of the propagation of heat are 
partial differential equations, and though their form’is very simple 
the known methods’ do not furnish any general mode of integrat- 
ing them; we could not therefore deduce from them the values 
of the temperatures after a definite time. The numerical inter- 
pretation of the results of analysis is however necessary, and it 
is a degree of perfection which it would be very important to give 
to every application of analysis to the natural sciences. So long 
as it is not obtained, the solutions may be said to remain in- 
complete and useless, and the truth which it is proposed to 
discover is no less hidden in the formule of analysis than it was 
in the physical problem itself. We have applied ourselves with 
much care to this purpose, and we have been able to overcome 
the difficulty in all the problems of which we have treated, and 
which contain the chief elements of the theory of heat. There is 
not one of the problems whose solution does not provide conve- 
nient and exact means for discovering the numerical values of the 
temperatures acquired, or those of the quantities of heat which 

1 For the modern treatment of these equations consult 

Partielle Differentialgleichungen, von B. Riemann, Braunschweig, 2nd Ed., 1876. 
The fourth section, Bewegung der Warme in festen Korpern. 

Cours de physique mathématique, par E. Matthieu, Paris, 1873. The parts 
relative to the differential equations of the theory of heat. 

The Functions of Laplace, Lamé, and Bessel, by I. Todhunter, London, 1875. 
Chapters XXI. XXV.—XXIX. which give some of Lamé’s methods. 

Conférences de Physique, par E, Verdet, Paris, 1872 [Guvres, Vol. rv. Part 1.]. 
Legons sur la propagation de la chaleur par conductibilité. These are followed by 
a very extensive bibliography of the whole subject of conduction of heat. 

For an interesting sketch and application of Fourier’s Theory see 

Theory of Heat, by Prof. Maxwell, London, 1875 [4th Edition]. Chapter XVIII. 


On the diffusion of heat by conduction. 
Natural Philosophy, by Sir W. Thomson and Prof. Tait, Vol. 1. Oxford, 1867. 


Chapter VII. Appendix D, On the secular cooling of the earth. [A. F.] 
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have flowed through, when the values of the time and of the 
variable coordinates are known. Thus will be given not only the 
differential equations which the functions that express the values 
of the temperatures must satisfy; but the functions themselves 


will be given under a form which facilitates the numerical 
applications. 


14. In order that these solutions might be general, and have 
an extent equal to that of the problem, it was requisite that they 
should accord with the initial state of the temperatures, which is 
arbitrary. The examination of this condition shews that we may 
develop in convergent series, or express by definite integrals, 
functions which are not subject to a constant law, and which 
represent the ordinates of irregular or discontinuous lines. This 
property throws a new light on the theory of partial differen- 
tial equations; and extends the employment of arbitrary functions 
by submitting them to the ordinary processes of analysis. 


15. It still remained tocompare the facts with theory. With 
this view, varied and exact experiments were undertaken, whose 
results were in conformity with those of analysis, and gave them 
an authority which one would have been disposed to refuse to 
them in a new matter which seemed subject to so much uncer- 
tainty. These experiments confirm the principle from which we 
started, and which is adopted by all physicists in spite of the 
diversity of their hypotheses on the nature of heat. 


16. Equilibrium of temperature is effected not only by way 
of contact, it is established also between bodies separated from 
each other, which are situated for a long time in the same region. 
This effect is independent of contact with a medium; we have 
observed it in spaces wholly void of air. To complete our theory 
it was necessary to examine the laws which radiant heat follows, 
on leaving the surface of a body. It results from the observations 
of many physicists and from our own experiments, that the inten-- 
sities of the different rays, which escape in all directions from any 
point in the surface of a heated body, depend on the angles which 
their directions make with the surface at the same point. We 
have proved that the intensity of a ray diminishes as the ray 
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makes a smaller angle with the element of surface, and that it is 
proportional to the sine of that angle’. This general law of 
emission of heat which different observations had already indi- 
cated, is a necessary consequence of the principle of the equilibrium 
of temperature and of the laws of propagation of heat in solid 


bodies. 


Such are the chief problems which have been discussed in 
this work; they are all directed to one object only, that is to 
establish clearly the mathematical principles of the theory of heat, 
and to keep up in this way with the progress of the useful arts, 
and of the study of nature. 


17. From what precedes it is evident that a very extensive 
class of phenomena exists, not produced by mechanical forces, but 
resulting simply from the presence and accumulation of heat. 
This part of natural philosophy cannot be connected with dy- 
namical theories, it has principles peculiar to itself, and is founded 
on a method similar to that of other exact sciences. The solar 
heat, for example, which penetrates the interior of the globe, dis- 
tributes itself therein according to a regular law which does not 
depend on the laws of motion, and cannot be determined by the 
principles of mechanics. The dilatations which the repulsive 
force of heat produces, observation of which serves to measure 
temperatures, are in truth dynamical effects; but it is not these 
dilatations which we calculate, when we investigate the laws of 
the propagation of heat. 


18. There are other more complex natural effects, which 
depend at the same time on the influence of heat, and of attrac- 
tive forces: thus, the variations of temperatures which the move- 
ments of the sun occasion in the atmosphere and in the ocean, 
change continually the density of the different parts of the air 
and the waters. _ The effect of the forces which these masses obey 
is modified at every instant by a new distribution of heat, and 
it cannot be doubted that this cause produces the regular winds, 
and the chief currents of the sea; the solar and lunar attractions 
occasioning in the atmosphere effects but slightly sensible, and 
not general displacements. It was therefore necessary, in order to 


1 Mém. Acad. d. Sc. Tome V. Paris, 1826, pp. 179—213. [A. F.] 
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submit these grand phenomena to calculation, to discover the 
mathematical laws of the propagation of heat in the interior of 
masses. 


19. It will be perceived, on reading this work, that heat at- 
tains in bodies a regular disposition independent of the original 
distribution, which may be regarded.as arbitrary. 

In whatever manner the heat was at first distributed, the 
system of temperatures altering more and more, tends to coincide 
sensibly with a definite state which depends only on the form of 
the solid. In the ultimate state the temperatures of all the points 
are lowered in the same time, but preserve amongst each other the 
same ratios: in order to express this property the analytical for- 
mul contain terms composed of exponentials and of quantities 
analogous to trigonometric functions. 

Several problems of mechanics present analogous results, such as 
the isochronism of oscillations, the multiple resonance of sonorous 
bodies. Common experiments had made these results remarked, 
and analysis afterwards demonstrated their true cause. As to 
those results which depend on changes of temperature, they could 
not have been recognised except by very exact experiments ; but 
mathematical analysis has outrun observation, it has supplemented 
our senses, and has made us in a manner witnesses of regular and 
harmonic vibrations in the interior of bodies. 


20. These considerations present a singular example of the 
relations which exist between the abstract science of numbers 
and natural causes. 

When a metal bar is exposed at one end to the constant action 
of a source of heat, and every point of it has attained its highest 
temperature, the system of fixed temperatures corresponds exactly 
to a table of logarithms; the numbers are the elevations of ther- 
mometers placed at the different points, and the logarithms are 
the distances of these points from the source. In general heat 
distributes itself in the interior of solids according to a simple law 
expressed by a partial differential equation: common to physical 
problems of different order. The irradiation of heat has an evident 
relation to the tables of sines, for the rays which depart from the 
same point of a heated surface, differ very much from each other, 
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and their intensity is rigorously proportional to the sine of the 
angle which the direction of each ray makes with the element of 
surface. 

If we could observe the changes of temperature for every in- 
stant at every point of a solid homogeneous mass, we should dis- 
cover in these series of observations the properties of recurring 
series, as of sines and logarithms; they would be noticed for 
example in the diurnal or annual variations of temperature of 
different points of the earth near its surface. 

We should recognise again the same results and all the chief 
elements of general analysis in the vibrations of eldstic media, in 
the properties of lines or of curved surfaces, in the movements of 
the stars, and those of light or of fluids. Thus the functions ob- 
tained by successive differentiations, which are employed in the 
development of infinite series and in the solution of numerical 
equations, correspond also to physical properties. The first of 
these functions, or the fluxion properly so called, expresses in 
geometry the inclination of the tangent of a curved line, and in 
dynamics the velocity of a moving body when the motion varies ; 
in the theory of heat it measures the quantity of heat which flows 
at each point of a body across a given surface. Mathematical 
analysis has therefore necessary relations with sensible phenomena ; 
its object is not created by human intelligence; it is a pre-existent 
element of the universal order, and is not in any way contingent 
or fortuitous ; it is imprinted throughout all nature. 


21. Observations more exact and more varied will presently 
ascertain whether the effects of heat are modified by causes which 
have not yet been perceived, and the theory will acquire fresh 
perfection by the continued comparison of its results with the 
results of experiment; it will explain some important phenomena 
which we have not yet been able to submit to calculation ; it will 
shew how to determine all the thermometric effects of the solar 
rays, the fixed or variable temperature which would be observed at 
different distances from the equator, whether in the interior of 
the earth or beyond the limits of the atmosphere, whether in the 
ocean or in different regions of the air. From it will be derived 
the mathematical knowledge of the great movements which result 
from the influence of heat combined with that of gravity. The 
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same principles will serve to measure the conducibilities, proper or 
relative, of different bodies, and their specific capacities, to dis- 
tinguish all the causes which modify the emission of heat at the 
surface of solids, and to perfect thermometric instruments. 

The theory of heat will always attract the attention of ma- 
thematicians, by the rigorous exactness of its elements and the 
analytical difficulties peculiar to it, and above all by the extent 
and usefulness of its applications; for all its consequences con- 
cern at the same time general physics, the operations of the arts, 
domestic uses and civil economy. 


SECTION II. 
Preliminary definitions and general notions. 


22. Or the nature of heat uncertain hypotheses only could be 
formed, but the knowledge of the mathematical laws to which its 
effects are subject is independent of all hypothesis ; it requires only 
an attentive examination of the chief facts which common obser- 
vations have indicated, and which have been confirmed by exact 
experiments. 

It is necessary then to set forth, in the first place, the general 
results of observation, to give exact definitions of all the elements 
of the analysis, and to establish the principles upon which this 
analysis ought to be founded. 

The action of heat tends to expand all bodies, solid, liquid or 
gaseous; this is the property which gives evidence of its presence. 
Solids and liquids increase in volume, if the quantity cf heat which 
they contain increases; they contract if it diminishes. , 

When all the parts of a solid homogeneous body, for example 
those of a mass of metal, are equally heated, and preserve without 
any change the same quantity of heat, they have also and retain 
the same density. This state is expressed by saying that through- 
out the whole extent of the mass the molecules have a common 
and permanent temperature. 


23. The thermometer is a body whose smallest changes of 
volume can be appreciated ; it serves to measure temperatures by 
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the dilatation of a fluid or of air. We assume the construction, 
use and properties of this instrument to be accurately known. 
The temperature of a body equally heated in every part, and 
which keeps its heat, is that which the thermometer indicates 
when it is and remains in perfect contact with the body in 
question. 

Perfect contact is when the thermometer is completely im- 
mersed in a fluid mass, and, in general, when there is no point of 
the external surface of the instrument which is not touched by one 
of the points of the solid or liquid mass whose temperature is to be 
measured. In experiments it is not always necessary that this con- 
dition should be rigorously observed ; but it ought to be assumed 
in order to make the definition exact. 


24. Two fixed temperatures are determined on, namely: the 
temperature of melting ice which is denoted by 0, and the tem- 
perature of boiling water which we will denote by 1: the water is 
supposed to be boiling under an atmospheric pressure represented 
by a certain height of the barometer (76 centimetres), the mercury 
of the barometer being at the temperature 0. 


25. Different quantities of heat are measured by determining 
how many times they contain a fixed quantity which is taken as 
the unit. Suppose a mass of ice having a definite weight (a kilo- 
gramme) to be at temperature 0, and to be converted into water at 
the same temperature 0 by the addition of a certain quantity of 
heat: the quantity of heat thus added is taken as the unit of 
measure. Hence the quantity of heat expressed by a number C 
contains C times the quantity required to dissolve a kilogramme 
of ice at the temperature zero into a mass‘of water at the same 
zero temperature. 


26. To raise a metallic mass having a certain weight, a kilo- 
gramme of iron for example, from the temperature 0 to the 
temperature 1, a new quantity of heat must be added to that 
which is already contained in the mass, The number C which 
denotes this additional quantity of heat, is the specific capacity of 
iron for heat; the number C has very different values for different 
substances. 


‘ 


28 THEORY OF HEAT. [CHAP. I. 


27. Ifa body of definite nature and weight (a kilogramme of 
mercury) occupies a volume V at temperature 0, it will oecupy a 
greater volume V +A, when it has acquired the temperature 1, 
that is to say, when the heat which it contained at the tempera- 
ture 0 has been increased by a new quantity C, equal to the 
specific capacity of the body for heat. But if, instead of adding 
this quantity C, a quantity 2C is added (z being a number 
positive or negative) the new volume will be V+6 instead 
of V+A. Now experiments shew that if z is equal to 4, the 
increase of volume 6 is only half the total increment A, and 
that in general the value of 6 is z4, when the quantity of heat 
added is 2C. 


28. The ratio z of the two quantities zC and C of heat added, 
which is the same as the ratio of the two increments of volume 6 
and A, is that which is called the temperature; hence the quantity 
which expresses the actual temperature of a body represents the 
excess of its actual volume over the volume which it would occupy 
at the temperature of melting ice, unity représenting the whole 
excess of volume which corresponds to the boiling point of 
water, over the volume which corresponds to the melting point 
of ice. 


29, The increments of volume of bodies are in general pro- 
portional to the increments of the quantities of heat which 
produce the dilatations, but it must be remarked that this propor- 
tion is exact only in the case where the bodies in question are 
subjected to temperatures remote from those which determine 
their change of state. The application of these results to all 
liquids must not be relied on; and with respect to water in 
particular, dilatations do not always follow augmentations of 
heat. 

In general the temperatures are numbers proportional to the 
quantities of heat added, and in the cases considered by us, 
these numbers are proportional also to the increments of 
volume. 


30. Suppose that a body bounded by a plane surface having 
a certain area (a square metre) is maintained in any manner 
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whatever at constant temperature 1, common to all its points, 
and that the surface in question is in contact with air maintained 
at temperature 0: the heat which escapes continuously at the 
surface and passes into the surrounding medium will be replaced 
always by the heat which proceeds from the constant cause to 
whose action the body is exposed; thus, a certain quantity of heat 
denoted by h will flow through the surface in a definite time (a 
minute). 

This amount h, of a flow continuous and always similar to 
itself, which takes place at a unit of surface at a fixed temperature, 
is the measure of the external conducibility of the, body, that is 
to say, of the facility with which its surface transmits heat to the 
atmospheric air. 

The air is supposed to be continually displaced with a given 
uniform velocity: but if the velocity of the current increased, the 
quantity of heat communicated ta the medium would vary also : 
the same would happen if the density of the medium were 
increased. 


31. If the excess of the constant temperature of the body 
over the temperature of surrounding bodies, instead of being equal 
to 1, as has been supposed, had a less value, the quantity of heat 
dissipated would be less than Ah. The result of observation is, 
as we shall see presently, that this quantity of heat lost may be 
regarded as sensibly proportional to the excess of the temperature 
of the body over that of the air and surrounding bodies. Hence 
the quantity h having been determined by one experiment in 
which the surface heated is at temperature 1, and the medium at 
temperature 0; we conclude that hz would be the quantity, if the 
temperature of the surface were 2, all the other circumstances 
remaining the same. This result must be admitted when z is a 
small fraction. 


32. The value h of the quantity of heat which is dispersed 
across a heated surface is different for different bodies; and it 
varies for the same body according to the different states of the 
surface. The effect of irradiation diminishes as the surface 
becomes more polished; so that by destroying the polish of the 
surface the value of A is considerably increased. A heated 
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metallic body will be more quickly cooled if its external surface is 
covered with a black coating such as will entirely tarnish its 
metallic lustre. 


33. The rays of heat which escape from the surface of a body 
pass freely through spaces void of air; they are propagated also 
in atmospheric air: their directions are not disturbed by agitations 
in the intervening air: they can be reflected by metal mirrors 
and collected at their foci. Bodies at a high temperature, when 
plunged into a liquid, heat directly only those parts of the mass 
with which their surface is in contact. The molecules whose dis- 
tance from this surface is not extremely small, receive no direct 
heat; it is not the same with aériform fluids; in these the rays of 
heat are borne with extreme rapidity to considerable distances, 
whether it be that part of these rays traverses freely the layers of 
air, or whether these layers transmit the rays suddenly without 
altering their direction. 


34. When the heated body is placed in air which is main- 
tained at a sensibly constant temperature, the heat communicated 
to the air makes the layer of the fluid nearest to the surface of the 
body lighter; this layer rises more quickly the more intensely it is 
heated, and is replaced by another mass of cool air. A current 
is thus established in the air whose direction is vertical, and 
whose velocity is greater as the temperature of the body is higher. 
For this reason if the body cooled itself gradually the velocity of 
the current would diminish with the temperature, and the law 
of cooling would not be exactly the same as if the body were 
exposed to a current of air at a constant velocity. 


35. When bodies are sufficiently heated to diffuse a vivid light, 
part of their radiant heat mixed with that light can traverse trans- 
parent solids or liquids, and is subject to the force which produces 
refraction. The quantity of heat which possesses this faculty 
becomes less as the bodies are less inflamed; it is, we may say, 
insensible for very opaque bodies however highly they may be heated. 
A thin transparent plate intercepts almost all the direct heat 
which proceeds from an ardent mass of metal; but it becomes 
heated in proportion as the intercepted rays are accumulated in 


SECT. II] PRELIMINARY DEFINITIONS. 31 


it; whence, if it is formed of ice, it becomes liquid; but if this 
plate of ice is exposed to the rays of a torch it allows a sensible 
amount of heat to pass through with the light. 


36. We have taken as the measure of the external conduci- 
bility of a solid body a coefficient h, which denotes the quantity of 
heat which would pass, in a definite time (a minute), from the 
surface of this body, into atmospheric air, supposing that the sur- 
face had a definite extent (a square metre), that the constant 
temperature of the body was 1, and that of the air 0, and that 
the heated surface was exposed to a current of air pf a given in- 
variable velocity. This value of h is determined by observation. 
The quantity of heat expressed by the coefficient is composed of 
two distinct parts which cannot be measured except by very exact 
experiments. One is the heat communicated by way of contact to 
the surrounding air: the other, much less than the first, is the 
radiant heat emitted. We must assume, in our first investigations, 
that the quantity of heat lost does not change when the tempera- 
tures of the body and of the medium are augmented by the same 
sufficiently small quantity. 


37. Solid substances differ again, as we have already remarked, 
by their property of being more or less permeable to heat; this 
quality is their conducibility proper: we shall give its definition and 
exact measure, after having treated of the uniform and linear pro- 
pagation of heat. Liquid substances possess also the property of 
transmitting heat from molecule to molecule, and the numerical 
value of their conducibility varies according to the nature of the 
substances: but this effect is observed with difficulty in liquids, 
since their molecules change places on change of temperature. The 
propagation of heat in them depends chiefly on this continual dis- 
placement, in all cases where the lower parts of the mass are most 
exposed to the action of the source of heat. If, on the contrary, 
the source of heat be applied to that part of the mass which is 
highest, as was the case in several of our experiments, the transfer 
of heat, which is very slow, does not produce any displacement, 
at least when the increase of temperature does not diminish the 
volume, as is indeed noticed in singular cases bordering on changes 
of state. 


x 
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38. To this explanation of the chief results of observation, a 
general remark must be added on equilibrium of temperatures; 
which consists in this, that different bodies placed in the same re- 
gion, all of whose parts are and remain equally heated, acquire also 
a common and permanent temperature. 

Suppose that all the parts of a mass M have a common and 
constant temperature a, which is maintained by any cause what- 
ever: if a smaller body m be placed in perfect contact with the 
mass M, it will assume the common temperature a. 

In reality this result would not strictly occur except after an 
infinite time: but the exact meaning of the proposition is that if 
the body m had the temperature a before being placed in contact, 
it would keep it without any change. The same would be the case 
with a multitude of other bodies 7, p, q, 7 each of which was 
placed separately in perfect contact with the mass J: all would 
acquire the constant temperature a. Thus a thermometer if suc- 
cessively applied to the different bodies m, n, p, g, 7 would indicate 
the same temperature. 


39. The effect in question is independent of contact, and 
would still occur, if every part of the body m were enclosed in 
the solid M, as in an enclosure, without touching any of its parts. 
For example, if the solid were a spherical envelope of a certain 
thickness, maintained by some external cause at a temperature a, 
and containing a space entirely deprived of air, and if the body m 
could be placed in any part whatever of this spherical space, with- 
out touching any point of the internal surface of the enclosure, it 
would acquire the common temperature a, or rather, it would pre- 
serve it if it had it already. The result would be the same for 
all the other bodies n, p, g, r, whether they were placed separately 
or all together in the same enclosure, and whatever also their sub- 
stance and form might be. 


40. Of all modes of presenting to ourselves the action of 
heat, that which seems simplest and most conformable to observa- 
tion, consists in comparing this action to that of light. Mole- 
cules separated from one another reciprocally communicate, across 


empty space, their rays of heat, just as shining bodies transmit 
their light. 
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If within an enclosure closed in all directions, and maintained 
by some external cause at a fixed temperature a, we suppose dif- 
ferent bodies to be placed without touching any part of the bound- 
ary, different effects will be observed according as the bodies, 
introduced into this space free from air, are more or less heated. 
If, in the first instance, we insert only one of these bodies, at the 
same temperature as the enclosure, it will send from all points of 
its surface as much heat as it receives from the solid which sur- 
rounds it, and is maintained in its original state by this exchange 
of equal quantities. 

If we insert a second body whose temperature b is less than a, 
it will at first receive from the surfaces which surround it on 
all sides without touching it, a quantity of heat greater than that 
which it gives out: it will be heated more and more and will 
absorb through its surface more heat than in the first instance. 

The initial temperature b continually rising, will approach with- 
out ceasing the fixed temperature a, so that after a certain time 
the difference will be almost insensible. The effect would be op- 
posite if we placed within the same enclosure a third body whose 


temperature was greater than a. 


41, Ail bodies have the property of emitting heat through 
their surface; the hotter they are the more they emit; the 
intensity of the emitted rays changes very considerably with the 


state of the surface. 


42, Every surface which receives rays of heat from surround- 
ing bodies reflects part and admits the rest: the heat which is not 
reflected, but introduced through the surface, accumulates within 
the solid; and so long as it exceeds the quantity dissipated by 


irradiation, the temperature rises. 


43. The rays which tend to go out of heated bodies are 
arrested at the surface by a force which reflects part of them into 
the interior of the mass. The cause which hinders the incident 
rays from traversing the surface, and which divides these rays into 
two parts, of which one is reflected and the other admitted, acts in 
the same manner on the rays which are directed from the interior 
of the body towards external space. 


F. H. 
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If by modifying the state of the surface we increase the force 
by which it reflects the incident rays, we increase at the same time 
the power which it has of reflecting towards the interior of the 
body rays which are tending to go out. The incident rays -intro- 
duced into the mass, and the rays emitted through the surface, are 
equally diminished in quantity. 


44, If within the enclosure above mentioned a number of 
bodies were placed at the same time, separate from each other 
and unequally heated, they would receive and transmit rays of heat 
so that at each exchange their temperatures would continually 
vary, and would all tend to become equal to the fixed temperature 
of the enclosure. 

This effect is precisely the same as that which occurs when 
heat is propagated within solid bodies; for the molecules which 
compose these bodies are separated by. spaces void of air, and 
have the property of receiving, accumulating and emitting heat. 
Each of them sends out rays on all sides, and at the same time 
receives other rays from the molecules which surround it. 


45. The heat given out by a point situated in the interior of 
a solid mass can pass directly to an extremely small distance only; 
it is, we may say, intercepted by the nearest particles; these parti- 
cles only receive the heat directly and act on more distant points. 
It is different with gaseous fluids; the direct effects of radiation 
become sensible in them at very considerable distances. 


46. Thus the heat which escapes in all directions from a part 
of the surface of a solid, passes on in air to very distant points; but 
is emitted only by those molecules of the body which are extremely 
near the surface. A point of a heated mass situated at a very 
small distance from the plane superficies which separates the mass 
from external space, sends to that space an infinity of rays, but 
they do not all arrive there; they are diminished by all that quan- 
tity of heat which is arrested by the intermediate molecules of the 
solid. The part of the ray actually dispersed into space becomes 
less according as it traverses a longer path within the mass. Thus 
the ray which escapes perpendicular to the surface has greater in- 
tensity than that which, departing from the same point, follows 
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an oblique direction, and the most oblique rays are wholly inter- 
cepted. 

The same consequences apply to all the points which are near 
enough to the surface to take part in the emission of heat, from 
which it necessarily follows that the whole quantity of heat which 
escapes from the surface in the normal direction is very much 
greater than that whose direction is oblique. We have submitted 
this question to calculation, and our analysis proves that the in- 
tensity of the ray is proportional to the sine of the angle which 
the ray makes with the element of surface, Experiments had 
already indicated a similar result. ; 


47. This theorem expresses a general law which has a neces- 
sary connection with the equilibrium and mode of action of heat. 
If the rays which escape from a heated surface had the same in- 
tensity in all directions, a thermometer placed at one of the points 
of a space bounded on all sides by an enclosure maintained at a 
constant temperature would indicate a temperature incomparably 
greater than that of the enclosure’. Bodies placed within this 
enclosure would not take a common temperature, as is always 
noticed; the temperature acquired by them would depend on the 
place which they occupied, or on their form, or on the forms of 
neighbouring bodies. 

The same results would be observed, or other effects equally 
opposed to common experience, if between the rays which escape 
from the same point any other relations were admitted different 
from those which we have enunciated. We have recognised this 
law as the only one compatible with the general fact of the equi- 
librium of radiant heat. 


48. Ifa space free from air is bounded on all sides by a solid 
enclosure whose parts are maintained at a common and constant 
temperature a, and if a thermometer, having the actual tempera- 
ture a, is placed at any point whatever of the space, its temperature 
will continue without any change. It will recetve therefore at 
each instant from the inner surface of the enclosure as much heat 
as it gives out to it. This effect of the rays of heat in a given 
space is, properly speaking, the measure of the temperature: but 


1 See proof by M. Fourier, Ann, d. Ch, et Ph. Ser. 2, tv. p. 128. [A. F.] 
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this consideration presupposes the mathematical theory of radiant 
heat. 

If now between the thermometer and a part of the surface of 
the enclosure a body M be placed whose temperature is a, the 
thermometer will cease to receive rays from one part of the inner 
surface, but the rays will be replaced by those which it will re- 
ecive from the interposed body M. An easy calculation proves 
that the compensation is exact, so that the state of the thermo- 
meter will be unchanged. It is not the same if the temperature 
of the body M is different from that of the enclosure. When 
it is greater, the rays which the interposed body M sends to the 
thermometer and which replace the intercepted rays convey more 
heat than the latter; the temperature of the thermometer must 
therefore rise. 

If, on the contrary, the intervening body has a temperature 
less than a, that of the thermometer must fall; for the rays which 
this body intercepts are replaced by those which it gives out, that 
is to say, by rays cooler than those of the enclosure; thus the 
thermometer does not receive all the heat necessary to maintain 
its temperature a. 


49. Up to this point abstraction has been made of the power 
which all surfaces have of reflecting part of the rays which are 
sent tothem. If this property were disregarded we should have 
only a very incomplete idea of the equilibrium of radiant heat. 

Suppose then that on the inner surface of the enclosure, main- 
tained at a constant temperature, there is a portion which enjoys, 
in a certain degree, the power in question; each point of the re- 
flecting surface will send into space two kinds of rays; the one go 
out from the very interior of the substance of which the enclosure is 
formed, the others are merely reflected by the same surface against 
which they had been sent. But at the same time that the surface 
repels on the outside part of the incident rays, it retains in the 
inside part of its own rays. In this respect an exact compensation 
is established, that is to say, every one of its own rays which the 
surface hinders from going out is replaced by a reflected ray of 
equal intensity. 

The same result would happen, if the power of reflecting rays 
affected in any degree whatever other parts of the enclosure, or the 
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surface of bodies placed within the same space and already at 
the common temperature. 

Thus the reflection of heat does not disturb the equilibrium 
of temperatures, and does not introduce, whilst that equilibrium 
exists, any change in the law according to which the intensity of 
rays which leave the same point decreases proportionally to the 
sine of the angle of emission. 


50. Suppose that in the same enclosure, all of whose parts 
maintain the temperature a, we place an isolated body M, and 
a polished metal surface R, which, turning its concavity towards 
the body, reflects great part of the rays which it received from the 
body; if we place a thermometer between the body M and the re- 
flecting surface R, at the focus of this mirror, three different; effects 
will be observed. according as the temperature of the body M is 
equal to the common temperature a, or is greater or less. 

In the first case, the thermometer preserves the temperature 
a; it receives 1°, rays of heat from all parts of the enclosure not 
hidden from it by the body M or by the mirror; 2°, rays given out 
by the body; 3°, those which the surface & sends out to the focus, 
whether-+they come from the mass of the mirror itself, or whether its 
surface has simply reflected them; and amongst the last we may 
distinguish between those which have been sent to the mirror by 
the mass M, and those which it has received from the enclosure. 
All the rays in question proeeed from surfaces which, by hypo- 
thesis, have a common temperature a, so that the thermometer 
is precisely in the same state as if the space bounded by the en- 
closure contained no other body but itself. 

In the second case, the thermometer placed between the heated 
body M and the mirror, must acquire a temperature greater than 
a. In reality, it receives the same rays as in the first hypothesis ; 
but with two remarkable differences: one arises from the fact that 
the rays sent by the body J to the mirror, and reflected upon the 
thermometer, contain more heat than in the first case. The other 
difference depends on the fact that the rays sent directly by the 
body M to the thermometer contain more heat than formerly. 
Both causes, and chiefly the first, assist in raising the tempera- 
ture of the thermometer. 

In the third case, that is to say, when the temperature of the 
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mass I is less than a, the temperature must assume also a tem- 
perature less than a. In fact, it receives again all the varieties of 
rays which we distinguished in the first case: but there are two 
kinds of them which contain less heat than in this first hypothesis, 
that is to say, those which, being sent out by the body M, are 
reflected by the mirror upon the thermometer, and those which 
the same body M sends to it directly. Thus the thermometer does 
not receive all the heat which it requires to preserve its original 
temperature a. It gives out more heat than it receives. It is 
inevitable then that its temperature must fall to the point at 
which the rays which it receives suffice to compensate those which 
it loses. This last effect is what is called the reflection of cold, 
and which, properly speaking, consists in the reflection of too 
feeble heat. The mirror intercepts a certain quantity of heat, and 
replaces it by a less quantity. 


51. If in the enclosure, maintained at a constant temperature 
a, a body M be placed, whose temperature a’ is less than a, the 
presence of this body will lower the thermometer exposed to its 
rays, and we may remark that the rays sent to the thermometer 
from the surface of the body M, are in general of two kinds, 
namely, those which come from inside the mass M, and those 
which, coming from different parts of the enclosure, meet the sur- 
face M and are reflected upon the thermometer. The latter rays 
have the common temperature a, but those which belong to the 
body M contain less heat, and these are the rays which cool the 
thermometer. If now, by changing the state of the surface of the 
body MM, for example, by destroying the polish, we diminish the 
power which it has of reflecting the incident rays, the thermo- 
meter will fall still lower, and will assume a temperature a” less 
than a. In fact all the conditions would be the same as in the 
preceding case, if it were not that the body M gives out a greater 
quantity of its own rays and reflects a less quantity of the rays 
which it receives from the enclosure; that is to say, these last rays, 
which have the common temperature, are in part replaced by 
cooler rays. Hence the thermometer no longer receives so much 
heat as formerly. 

If, independently of the change in the surface of the body M, 
we place a metal mirror adapted to reflect upon the thermometer 
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the rays which have left M, the temperature will assume a value 
a” less than a”. The mirror, in fact, intercepts from the thermo- 
meter part of the rays of the enclosure which all have the tem- 
perature a, and replaces them by three kinds of rays; namely, 
1’, those which come from the interior of the mirror itself, and 
which have the common temperature ; 2°, those which the different 
parts of the enclosure send to the mirror with the same tempera- 
ture, and which are reflected to the focus ; 3°, those which, coming 
from the interior of the body J, fall upon the mirror, and are 
reflected upon the thermometer. The last rays have a tempera- 
ture less than a; hence the thermometer no longer receives so 
much heat as it received before the mirror was set up. 

Lastly, if we proceed to change also the state of the surface of 
the mirror, and by giving it a more perfect polish, increase its 
power of reflecting heat, the thermometer will fall still lower. In 
fact, all the conditions exist which occurred in the preceding case. 
Only, it happens that the mirror gives out a less quantity of its 
own rays, and replaces them by those which it reflects.. Now, 
amongst these last rays, all those which proceed from the interior 
of the mass M are less intense than if they had come from the 
interior of the metal mirror; hence the thermometer receives still 
less heat than formerly: it will assume therefore a temperature 
a” less than a”. 

By the same principles all the known facts of the radiation of 
heat or of cold are easily explained. 


52. The effects of heat can by no means be compared with 
those of an elastic fluid whose molecules are at rest. 

It would be useless to attempt to deduce from this hypothesis 
the laws of propagation‘ which we have explained in this work, 
and which all experience has confirmed. The free state of heat is 
the same as that of light; the active state of this element is then 
entirely different from that of gaseous substances. Heat acts in 
the same manner in a vacuum, in elastic fluids, and in liquid or 
solid masses, it is propagated only by way of radiation, but its 
sensible effects differ according to the nature of bodies. 


53. Heat is the origin of all elasticity; it is the repulsive 
force which preserves the form of solid masses, and the volume of 
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liquids. In solid masses, neighbouring molecules would yield to 
their mutual attraction, if its effect were not destroyed by the 
heat which separates them. 

This elastic force is greater according as the temperature is 
higher; which is the reason why bodies dilate or contract when 
their temperature is raised or lowered. 


54, The equilibrium which exists, in the interior of a solid 
mass, between the repulsive force of heat and the molecular attrac- 
tion, is stable ; that is to say, it re-establishes itself when disturbed 
by.an accidental cause. If the molecules are arranged at distances 
proper for equilibrium, and if an external force begins to increase 
this distance without any change of temperature, the effect of 
attraction begins by surpassing that of heat, and brings back the 
molecules to their original position, after a multitude of oscillations 
which become less and less sensible. 

A similar effect is exerted in the opposite sense when a me- 
chanical cause diminishes the primitive distance of the molecules ; 
such is the origin of the vibrations of sonorous or flexible bodies, 
and of all the effects of their elasticity. 


55. In the liquid or gaseous state of matter, the external 
pressure is additional or supplementary to the molecular attrac- 
tion, and, acting on the surface, does not oppose change of form, 
but only change of the volume occupied. Analytical investigation 
will best shew how the repulsive force of heat, opposed to the 
attraction of the molecules or to the external pressure, assists in 
the composition of bodies, solid or liquid, formed of one or more 
elements, and determines the elastic properties of gaseous fluids; 
but these researches do not belong to the object before us, and 
appear in dynamic theories. 


56. It cannot be doubted that the mode of action of heat 
always consists, like that of light, in the reciprocal communication 
of rays, and this explanation is at the present time adopted by 
the majority of physicists ; but it is not necessary to consider the 
phenomena under this aspect in order to establish the theory of heat. 
In the course of this work it will be seen how the laws of equili- 
brium and propagation of radiant heat, in solid or liquid masses, 
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can be rigorously demonstrated; independently of any physical 
explanation, as the necessary consequences of common observations. 


SECTION III. 
Principle of the communication of heat. 


57. We now proceed to examine what experiments teach us 
concerning the communication of heat, 

If two equal molecules are formed of the same substance and 
have the same temperature, each of them receives from the other 
as much heat as it gives up to it ; their mutual action may then be 
regarded as null, since the result of this action can bring about no 
change in the state of the molecules. If, on the contrary, the first 
is hotter than the second, it sends to it more heat than it receives 
from it; the result of the mutual action is the difference of these 
two quantities of heat. In all cases we make abstraction of 
the two equal quantities of heat which any two material points 
reciprocally give up; we conceive that the point most heated 
acts only on the other, and that, in virtue of this action, the first 
loses a certain quantity of heat which is acquired by the second. 
Thus the action of two molecules, or the quantity of heat which 
the hottest communicates to the other, is the difference of the two 
quantities which they give up to each other. 


58. Suppose that we place in air a solid homogeneous body, 
whose different points have unequal actual temperatures; each of 
the molecules of which the body is composed will begin to receive 
heat from those which are at extremely small distances, or will 
communicate it to them. This action exerted during the same 
instant between all points of the mass, will produce an infinitesi- 
mal resultant change in all the temperatures: the solid will ex- 
perience at each instant similar effects, so that the variations of 
temperature will become more and more sensible. 

Consider only the system of two molecules, m and m, equal and 
extremely near, and let us ascertain what quantity of heat the 
first can receive from the second during one instant: we may 
then apply the same reasoning to all the other points which are 
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near enough to the point m, to act directly on it during the first 
instant. 

The quantity of heat communicated by the point n to the 
point m depends on the duration of the instant, on the very small 
distance between these points, on the actual temperature of each 
point, and on the nature of the solid substance ; that is to say, if 
one of these elements happened to vary, all the other remaining 
the same, the quantity of heat transmitted would vary also. Now 
experiments have disclosed, in this respect, a general result: it 
consists in this, that all the other circumstances being the same, 
the quantity of heat which one of the molecules receives from the 
other is proportional to the difference of temperature of the two 
molecules. Thus the quantity would be double, triple, quadruple, if 
everything else remaining the same, the difference of the tempera- 
ture of the point n from that of the point m became double, triple, 
or quadruple. To account for this result, we must consider that the 
action of n on m is always just as much greater as there is a greater 
difference between the temperatures of the two points: it is null, 
if the temperatures are equal, but if the molecule n contains more 
heat than the equal molecule m, that is to say, if the temperature 
of m being v, that of n is v+A,a portion of the exceedmg heat 
will pass from n to m. Now, if the excess of heat were double, or, 
which is the same thing, if the temperature of n were v + 2A, the 
exceeding heat would be composed of two equal parts correspond- 
ing to the two halves of the whole difference of temperature 2A; 
each of these parts would have its proper effect as if it alone 
existed : thus the quantity of heat communicated by n to m would 
be twice as great as when the difference of temperature is only A. 
This simultaneous action of the different parts of the exceeding 
heat is that which constitutes the principle of the communication 
of heat. It follows from it that the sum of the partial actions, or 
the total quantity of heat which m receives from n is proportional 
to the difference of the two temperatures. 


59. Denoting by v and v’ the temperatures of two equal mole- 
ecules m and n, by p, their extremely small distance, and by dt, the 
infinitely small duration of the instant, the quantity of heat which 
m receives from n during this instant will be expressed by 
(v' —v) d(p).dt. We denote by ¢(p) a certain function of the 
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distance p which, in solid bodies and in liquids, becomes nothing 
when p has a sensible magnitude. The function is the same for 
every point of the same given substance ; it varies with the nature 
of the substance. 


60. The quantity of heat which bodies lose through their sur- 
face is subject to the same principle. If we denote by o the area, 
finite or infinitely small, of the surface, all of whose points have 
the temperature v, and if a represents the temperature of the 
atmospheric air, the coefficient h being the measure of the ex- 
ternal conducibility, we shall have oh (v— a) dt as the expression 
for the quantity of heat which this surface o transmits to the air 
during the instant dt. 

When the two molecules, one of which transmits to the other 
a certain quantity of heat, belong to the same solid, the exact 
expression for the heat communicated is that which we have 
given in the preceding article; and since the molecules are 
extremely near, the difference of the temperatures is extremely 
small, Itis not the same when heat passes from a solid body into 
a gaseous medium. But the experiments teach us that if the 
difference is a quantity sufficiently small, the heat transmitted is 
sensibly proportional to that difference, and that the number h 
may, in these first researches’, be considered as having a constant 
value, proper to each state of the surface, but independent of the 
temperature. 


61. These propositions relative to the quantity of heat com- 
municated have been derived from different observations. We 
see first, as an evident consequence of the expressions in question, 
that if we increased by a common quantity all the initial tempe- 
ratures of the solid mass, and that of: the medium in which it is 
placed, the successive changes of temperature would be exactly 
the same as if this increase had not been made. Now this result 
is sensibly in accordance with experiment; it has been admitted 
by the physicists who first have observed the effects of heat. 


1 More exact laws of cooling investigated experimentally by Dulong and Petit 
will be found in the Journal de VEcole Polytechnique, Tome x1. pp. 234—294, 
Paris, 1820, or in Jamin, Cours de Physique, Legon 47. [A. F.] 
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62. If the medium is maintained at a constant temperature, 
and if the heated body which is placed in that medium has 
dimensions sufficiently small for the temperature, whilst falling 
more and more, to remain sensibly the same at all points of the 
body, it follows from the same propositions, that a quantity of heat 
will escape at each instant through the surface of the body pro- 
portional to the excess of its actual temperature over that of the 
medium. Whence it is easy to conclude, as will be seen in the 
course of this work, that the line whose abscissee represent the 
times elapsed, and whose. ordinates represent the temperatures 
corresponding to those times, is a logarithmic curve: now, ob- 
servations also furnish the same result, when the excess of the 
temperature of the solid over that of the medium is a sufficiently 
small quantity. 


63. Suppose the medium to be maintained at the constant 
temperature 0, and that the initial temperatures of different 
points a, b, c, d &e. of the same mass are a, 8, y, 6 &c., that at the 
end of the first ifstant they have become @’, 8’, 9, & &c., that at 
the end of the second instant they have become a”, 8”, x", 8” &., 
and soon. We may easily conclude from the propositions enun- 
ciated, that if the initial temperatures of the same points had 
been g2, gf, gy, gd &c. (g being any number whatever), they 
would have become, at the end of the first instant, by virtue of 
the action of the different points, gz’, 98’, gy’, g8 &c., and at the 
end of the second instant, ga”, 98", gy" g8' &c., and so on. For 
instance, let us compare the case when the initial temperatures 
of the points, a, b, c,d &c. were a, B, y, § &c. with that in which 
they are 2a, 28, 2y, 25 &c., the. medium preserving in both cases 
the temperature 0. In thé second hypothesis, the difference of 
the temperatures of any two points whatever is double what it 
was in the first, and the excess of the temperature of each point, 
over that of each molecule of the medium, is also double; con- 
sequently the quantity of heat which any molecule whatever 
sends to any other, or that which it receives, is, in the second 
hypothesis, double of that which it was in the first. The change 
of temperature which each point suffers being proportional to the 
quantity of heat acquired, it follows that, in the second case, this 
change is double what it was in the first case. Now we have 
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supposed that the initial temperature of the first point, which was 
a, became a’ at the end of the first instant; hence if this initial 
temperature had been 2a, and if all the other temperatures had 
been doubled, it would have become 22’. The same would be the 
case with all the other molecules 0, c, d, and a similar result 
would be derived, if the ratia instead of being 2, were any number 
whatever g. It follows then, from the principle of the communica- 
tion of heat, that if we increase or diminish in any given ratio 
all the initial temperatures, we increase or diminish in the same 
ratio all the successive temperatures. 

This, like the two preceding results, is confirmed by observa- 
tion. It could not have existed if the quantity ‘of heat which 
passes from one molecule to another had not been, actually, pro- 
portional to the difference of the temperatures. 


64. Observations have been made with accurate instruments, 
on the permanent temperatures at different points of a bar or of a 
metallic ring, and on the propagation of heat in the same bodies 
and in several other solids of the form of spheres or cubes. The 
results of these experiments agree with those which are derived 
from the preceding propositions. They would be entirely differ- 
ent if the quantity of heat transmitted from one solid molecule to 
another, or to a molecule of air, were not proportional to the 
excess of temperature. It is necessary first to know all the 
rigorous consequences of this proposition; by it we determine the 
chief part of the quantities which are the object of the problem. 
By comparing then the calculated values with those given by 
numerous and very exact experiments, we can easily measure the 
variations of the coefficients, and perfect our first researches, 


SECTION IV. 
On the uniform and linear movement of heat. 


65. We shall consider, in the first place, the uniform move- 
ment of heat in the simplest case, which is that of an infinite 
solid enclosed between two parallel planes. 

We suppose a solid body formed of some homogeneous sub- 
stance to be enclosed between two parallel and infinite planes ; 
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the lower plane A is maintained, by any cause whatever, at a 
constant temperature @; we may imagine for example that the 
mass is prolonged, and that the plane A is a section common to 
the solid and to the enclosed mass, and is heated at all its points 
by a constant source of heat; the upper plane B is also main- 
tained by a similar cause at a fixed temperature 6, whose value is 
less than that of a; the problem is to determine what would be 
the result of this hypothesis if it were continued for an infinite 
time, 

If we suppose the initial temperature of all parts of this body 
to be b, it is evident that the heat which leaves the source A will 
be propagated farther and farther and will raise the temperature 
of the molecules included between the two planes: but the tem- 
perature of the upper plane being unable, according to hypothesis 
to rise above b, the heat will be dispersed within the cooler mass, 
contact with which keeps the plane B at the constant temperature 
b. The system of temperatures will tend more and more to a 
final state, which it will never attain, but which would have the 
property, as we shall proceed to shew, of existing and keeping 
itself up without any change if it were once formed. 

In the final and fixed state, which we are considering, the per- 
manent temperature of a point of the solid. is evidently the same 
at all points of the-same section parallel to the base; and we 
shall prove that this fixed temperature, common to all the points 
of an intermediate section, decreases in arithmetic progression 
from the base to the upper plane, that is to say, if we represent 
the constant temperatures a@ and b by the ordinates Aa and BB 


igaets 


(see Fig. 1), raised perpendicularly to the distance AB between the 
two planes, the fixed temperatures of the intermediate layers will 
be represented by the ordinates of the straight line a8 which 
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joins the extremities @ and 8; thus, denoting by z the height of 
an intermediate section or its perpendicular distance from the 
plane A, by e the whole height or distance AB, and by v the 
temperature of the section whose height is z, we must have the 


equation v= a+ aie 


z. 


In fact, if the temperatures were at first established in accord- 
ance with this law, and if the extreme surfaces A and B were 
always kept at the temperatures a@ and 6b, no change would 
happen in the state of the solid. To convince ourselves of this, 
it will be sufficient to compare the quantity of heat which would 
traverse an intermediate section A’ with that which, during the 
same time, would traverse another section B’. 

Bearing in mind that the final state of the solid is formed 
and continues, we see that the part of the mass which is below 
the plane A’ must communicate heat to the part which is above 
that plane, since this second part is cooler than the first. 

Imagine two points of the solid, m and m’, very near to each 
other, and placed in any manner whatever, the one m below the 
plane A’, and the other m’ above this plane, to be exerting their 
action during an infinitely small instant: m the hottest point 
will communicate to m’ a certain quantity of heat which will 
cross the plane A’. Let a, y, 2 be the rectangular coordinates 
of the point m, and 2’, y’, 2’ the coordinates of the point m’: 
consider also two other points ” and m’ very near to each other, 
and situated with respect to the plane B’, in the same manner 
in which m and m’ are placed with respect to the plane A’: that 
is to say, denoting by ¢ the perpendicular distance of the two 
sections A’ and BP’, the coordinates of the point n will be a, y, 2+ 
and those of the point 7’, x’, y’, 2+; the two distances mm’ 
and nn’ will be equal: further, the difference of the temperature 
v of the point m above the temperature v' of the point m’ will 
be the same as the difference of temperature of the two points 
mn and n’. In fact the former difference will be determined by 
substituting first z and then 2’ in the general equation 


b-—a 
a cae ad 


and subtracting the second equation from the first, whence the 
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result v—v' = 2 - = (¢—2'). We shall then find, by the sub- 


stitution of z+ and 2 +6, that the excess of temperature of 
the point n over that of the point n’ is also expressed by 
b-a,. , 
: (2-2). 

It follows from this that the quantity of heat sent by the 
point m to the point m’ will be the same as the quantity of heat 
sent by the point 2 to the point vn’, for all the elements which 
concur in determining this quantity of transmitted heat are the 
same. 

It is manifest that we can apply the same reasoning to every 
system of two molecules which communicate heat to each other 
across the section A’ or the section B’; whence, if we could 
sum up the whole quantity of heat which flows, during the same 
instant, across the section A’ or the section B’, we should find 
this quantity to be the same for both sections. 

From this it follows that the part of the solid included be- 
tween A’ and BP’ receives always as much heat as it loses, and 
since this result is applicable to any portion whatever of the 
mass included between two parallel sections, it is evident that 
no part of the solid can acquire a temperature higher than that 
which it has at present. Thus, it has been rigorously demon- 
strated that the state of the prism will continue to exist just as it 
was at first. 

Hence, the permanent temperatures of different sections of a 
solid enclosed between two parallel infinite planes, are represented 
by the ordinates of a straight line a8, and satisfy thé linear 

b—a 


equation v=a+ Z. 

66. By what precedes we see distinctly what constitutes 
the propagation of heat in a solid enclosed between two parallel 
and infinite planes, each of which is maintained at a constant 
temperature. Heat penetrates the mass gradually across the 
lower plane: the temperatures of the intermediate sections are 
raised, but can never exceed nor even'quite attain a certain 
limit which they approach nearer and nearer: this limit or final 
temperature is different for different intermediate layers, and 
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decreases in arithmetic progression from the fixed temperature 
of the lower plane to the fixed temperature of the upper plane. 

The final temperatures are those which would have to be 
given to the solid in order that its state might be permanent; 
the variable state which precedes it may also be submitted to 
analysis, as we shall see presently: but we are now considering 
only the system of final and permanent temperatures. In the 
last state, during each division of time, across a section parallel 
to the base, or a definite portion of that section, a certain 
quantity of heat flows, which is constant if the divisions of time 
are equal, This uniform flow is the same for all the intermediate 
sections ; it is equal to that which proceeds from the source, and 
to that which is lost during the same time, at the upper surface 
of the solid, by virtue of the cause which keeps the temperature 
constant. 


67. The problem now is to measure that quantity of heat 
which is propagated uniformly within the solid, during a given 
time, across a definite part of a section parallel to the base: it 
depends, as we shall see, on the two extreme temperatures a 
and 6, and on the distance e between the two sides of the solid ; 
it would vary if any one of these elements began to change, the 
other remaining the same. Suppose a second solid to be formed 
of the same substance as the first, and enclosed between two 


ke 


infinite parallel planes, whose perpendicular distance is e’ (see 
fig. 2): the lower side is maintained at a fixed temperature @’, 
and the upper side at the fixed temperature 0’; both solids are 
considered to be in that final and permanent state which has 
the property of maintaining itself as soon as it has been formed. 


F, H. 4 
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Thus the law of the temperatures is expressed for the first body 
b-—a 


by the equation v=a+ z, and for the second, by the equa- 


, 


tion w=a’ + 2 = z, v in the first solid, and w in the second, being 


the temperature of the section whose height is z. 

This arranged, we will compare the quantity of heat which, 
during the unit of ‘time traverses a unit of area taken on an 
intermediate section LZ of the first solid, with that which during 
the same time traverses an equal area taken on the section L’ 
of the second, e being the height common to the two sections, 
that is to say, the distance of each of them from their own 
base. We shall consider two very near points n and n’ in the 
first body, one of which n is below the plane Z and the other 
n above this plane: a, y, z are the co-ordinates of n: and a’, y/’, 2’ 
the co-ordinates of n’, e being less than 2’, and greater than z. 

We shall consider also in the second solid the instantaneous 
action of two points p and p’, which are situated, with respect 
to the section L’, in the same manner as the points n and n’ with 
respect to the section Z of the first solid. Thus the same co- 
ordinates 2, y, z, and a’, 7’, 2’ referred to three rectangular axes 
in the second body, will fix also the position of the points p 
and p’. 

Now, the distance from the point n to the point 7’ is equal 
to the distance from the point p to the point p’, and since the 
two bodies are formed of the same substance, we conclude, ac- 
cording to the principle of the communication of heat, that the 
action of nm on m, or the quantity of heat given by n to m’, and 
the action of p on p’, are to each other in the same ratio as the 
differences of the temperature v—v' and w—w. 

Substituting v and then v' in the equation which belongs to 
—a 


the first solid, and subtracting, we find ia ele (2-2); we 


have also by means of the second equation u—w’ Sh wee (2-2), 
e 


a—b 


whence the ratio of the two actions in question is that of to 
a’ —D 


é 
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We may now imagine many other systems of two molecules, 
the first of which sends to the second across the plane L, a certain 
quantity of heat, and each of these systems, chosen in the first 
solid, may be compared with a homologous system situated in the 
second, and whose action is exerted across the section ZL’; we 
can then apply again the previous reasoning to prove that the 


=) ane 7, 
Ne =O 
e 


ratio of the two actions is always that of = 


Now, the whole quantity of heat which, during one instant, 
crosses the section L, results from the simultaneous action of a 
multitude of systems each of which is formed of two points; 
hence this quantity of heat and that which, in the second solid, 
crosses during the same instant the section L’, are also to each 


Pe ial Dap 
é 


other in the ratio of ~ 


It is easy then to compare with each other the intensities of 
the constant flows of heat which are propagated uniformly in the 
two solids, that is to say, the quantities of heat which, during 
unit of time, cross unit of surface of each of these bodies. The 


; ; eae Se —b 
ratio of these intensities is that of the two quotients — and 


a’ —b' 


U 


If the two quotients are equal, the flows are the same, 


whatever in other respects the values a, b, e, a’, U’, e’, may be; 
in general, denoting the first flow by F and the second by JF", 
_a- b a'—Db' 


F 
we shall have FRG. 


68. Suppose that in the second solid, the permanent tempera- 
ture a’ of the lower plane is that of boiling water, 1; that the 
temperature e’ of the upper plane is that of melting ice, 0; that 
the distance é of the two planes is the unit of measure (a 
metre); let us denote by K the constant flow of heat which, 
during unit of time (a minute) would cross unit of surface in 
this last solid, if it were formed of a given substance; A ex- 
pressing a certain number of units of heat, that is to say a certain 
number of times the heat necessary to convert a kilogramme 
of ice into water: we shall have, in general, to determine the 

4—2 
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constant flow F, in a solid formed of the same substance, the 
equation _ = or f= WSs : 

The value of F denotes the quantity of heat which, during 
the unit of time, passes across a unit of area of the surface taken 
on a section parallel to the base. 

Thus the thermometric state of a solid enclosed between two 
parallel infinite plane sides whose perpendicular distance is ¢, 
and which are maintained at fixed temperatures a and 4, is 
represented by the two equations: 

ree. and sy ee or eg 
e dz 

The first of these equations expresses the law according to 
which the temperatures decrease from the lower side to the 
opposite side, the second indicates the quantity of heat which, 
during a given time, crosses a definite part of a section parallel 
to the base. 


v=at 


69. We have taken this coefficient K, which enters into 
the second equation, to be the measure of the specific conduci- 
bility of each substance; this number has very different. values 
for different bodies. 

It represents, in general, the quantity of heat which, in a 
homogeneous solid formed of a given substance and enclosed 
between two infinite parallel planes, flows, during one minute, 
across a surface of one square metre taken on a section parallel 
to the extreme planes, supposing that these two planes are main- 
tained, one at the temperature of boiling water, the other at 
the temperature of melting ice, and that all the intermediate 
planes have acquired and retain a permanent temperature, 

We might employ another definition of conducibility, since 
we could estimate the capacity for heat by referring it to unit 
of volume, instead of referring it to unit of mass. All these 
definitions are equally good provided they are clear and _pre- 
cise. 

We shall shew presently how to determine by observation the 


value K of the conducibility or conductibility in different sub- 
stances. 
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70. In order to establish the equations which we have 
cited in Article 68, it would not be necessary to suppose the 
points which exert their action across the planes to be at ex- 
tremely small distances. 

The results would still be the same if the distances of these 
points had any magnitude whatever; they would therefore apply 
also to the case where the direct action of heat extended within 
the interior of the mass to very considerable distances, all the 
circumstances which constitute the hypothesis remaining in other 
respects the same. 

We need only suppose that the cause which maintains the 
temperatures at the surface of the solid, affects not only that 
part of the mass which is extremely near to the surface, but that 


its action extends toa finite depth. The equation ie Le 


will still represent in this case the permanent temperatures of 
the solid. The true sense of this proposition is that, if we give 
to all points of the mass the temperatures expressed by the 
equation, and if besides any cause whatever, acting on the two 
extreme lamine, retained always every one of their molecules 
at the temperature which the same equation assigns to them, 
the interior points of the solid would preserve without any change 
their initial state. 

If we supposed that the action of a point of the mass could 
extend to a finite distance ¢, it would be necessary that the 
thickness of the extreme lamine, whose state is maintained by 
the external cause, should be at least equal to «. But the 
quantity e having in fact, in the natural state of solids, only 
an inappreciable value, we may make abstraction of this thick- 
ness; and it is sufficient for the external cause to act on each 
of the two layers, extremely thin, which bound the solid. This 
is always what must be understood by the expression, to maintain 
the temperature of the surface constant. 


71. We proceed further to examine the case in which the 
same solid would be exposed, at one of its faces, to atmospheric 
air maintained at a constant temperature. 

Suppose then that the lower plane preserves the fixed tem- 
perature a, by virtue of any external cause yhatever, and that 
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the upper plane, instead of being maintained as formerly at a 
less temperature b, is exposed to atmospheric air maintained 
at that temperature b, the perpendicular distance of the two 
planes being denoted always by e: the problem is to determine 
the final temperatures. 

Assuming that in the initial state of the solid, the common 
temperature of its molecules is 6 or less than b, we can readily 
imagine that the heat which proceeds incessantly from the source 
A penetrates the mass, and raises more and more the tempera- 
tures of the intermediate sections; the upper surface is gradually 
heated, and permits part of the heat which has penetrated the 
solid to escape into the air. The system of temperatures con- 
tinually approaches a final state which would exist of itself if 
it were once formed; in this final state, which is that which 
we are considering, the temperature of the plane B has a fixed 
but unknown value, which we will denote by §, and since the 
lower plane A preserves also a permanent temperature a, the 
system of temperatures is represented by the general equation 
—a 


v= a+8 z,v denoting always the fixed temperature of the 


section whose height is z The quantity of heat which flows 
during unit of time across a unit of surface taken on any section 


whatever is eee , k denoting the interior conducibility. 


We must now consider that the upper surface B, whose 
temperature is 8, permits the escape into the air of a certain 
quantity of heat which must be exactly equal to that which 
crosses any section whatever LZ of the solid. If it were not go, 
the part of the mass included between this section Z and the 
plane B would not receive a quantity of heat equal to that 
which it loses; hence it would not maintain its state, which is 
contrary to hypothesis; the constant flow at the surface is there- 
fore equal to that which traverses the solid: now, the quantity 
of heat which escapes, during unit of time, from unit of surface 
taken on the plane B, is expressed by h(@—b), b being the 
fixed temperature of the air, and h the measure of the conduci- 
bility of the surface B; we must therefore have the equation 


pose 
ée 


=h(8—), which will determine the value of P. 
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he (a — b) 
he+k 
whose second member is known; for the temperatures a and b 

are given, as are also the quantities h, k, e. 
Introducing this value of a—f into the general equation 


From this may be derived -a—@= » an equation 


v=at ——s we shall have, to express the temperatures of any 
section of the solid, the equation a—o= la=}) » in which 


known quantities only enter with the corresponding variables v 
and z. 


72. So far we have determined the final and permanent state 
of the temperatures in a solid enclosed between two infinite and 
parallel plane surfaces, maintained at unequal temperatures. 
This first case is, properly speaking, the case of the linear and 
uniform propagation of heat, for there is no transfer of heat in 
the plane parallel to the sides of the solid; that which traverses 
the solid flows uniformly, since the value of the flow is the same 
for all instants and for all sections. 

We will now restate the three chief propositions which result: 
from the examination of this problem; they are susceptible of a 
great number of applications, and form the first elements of our 
theory. 

Ist. If at the two extremities of the thickness e of the solid 
we erect perpendiculars to represent the temperatures a and b 
of the two sides, and if we draw the straight line which joins 
the extremities of these two first ordinates, all the intermediate 
temperatures will be proportional to the ordinates of this straight 
line; they are expressed by the general equation a— pata? 2, 
v denoting the temperature of the section whose height is z. 


2nd. The quantity of heat which flows uniformly, during 
unit of time, across unit of surface taken on any section whatever 
parallel to the sides, all other things being equal, is directly 
proportional to the difference a—b of the extreme temperatures, 
and inversely proportional to the distance e which separates 


; i aig 
these sides. The quantity of heat is expressed by K mae or 
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—K - if we derive from the general equation the value of 


S which is constant; this uniform flow may always be repre- 
sented, for a given substance and in the sclid under examination, 
by the tangent of the angle included between the perpendicular 
e and the straight line whose ordinates represent the tempera- 
tures. 

3rd. One of the extreme surfaces of the solid being submitted 
always to the temperature a, if the other plane is exposed to air 
maintained at a fixed temperature }; the plane in contact with 
the air acquires, as in the preceding case, a fixed temperature B, 
greater than 4, and it permits a quantity of heat to escape into 
the air across unit of surface, during unit of time, which is ex- 
pressed by h(@—4), h denoting the external conducibility of 
the plane. 

The same flow of heat h(8—b) is equal to that which 
traverses the prism and whose value is K (a—); we have there- 


fore the equation h(@—b)=K ¢ = B , which gives the value 
of B. 


SECTION V. 


Law of the permanent temperatures in a prism of small 
thickness. 


73. We shall easily apply the principles which have just 
been explained to the following problem, very simple in itself, 
but one whose solution it is important to base on exact theory. 

A metal bar, whose form is that of a rectangular parallelo- 
piped infinite in length, is exposed to the action of a source of 
heat which produces a constant temperature at all points of its 
extremity A. It is required to determine the fixed temperatures 
at the different sections of the bar. 

The section perpendicular to the axis is supposed to be a 
square whose side 2U is so small that we may without sensible 
error consider the temperatures to be equal at different points 
of the same section. The air in which the bar is placed is main- 
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tained at a constant temperature 0, and carried away by a 
current with uniform velocity. — 

Within the interior of the solid, heat will pass successively 
all the parts situate to the right of the source, and not exposed 
directly to its action; they will be heated more and more, but 
the temperature of each point will not increase beyond a certain 
limit. This maximum temperature is not the same for every 
section ; it in general decreases as the distance of the section 
from the origin increases: we shall denote by v the fixed tem- 
perature of a section perpendicular to the axis, and situate at a 
distance x from the origin A. 

Before every point of the solid has attained its ieahey: degree 
of heat, the system of temperatures varies continually, and ap- 
proaches more and more to a fixed state, which is that which 
we consider. This final state is kept ap of itself when it has 
once been formed. In order that the system of temperatures 
may be permanent, it is necessary that the quantity of heat 
which, during unit of time, crosses a section made at a distance x 
from the origin, should balance exactly all the heat which, during 
the same time, escapes through that -part of the external surface 
of the prism which is situated to the right of the same section. 
The lamina whose thickness is dr, and whose external surface 
is 8ldz, allows the escape into the air, during unit of time, of 
a quantity of heat expressed by 8hluv. dx, h being the measure of 
the external conducibility of the prism. Hence taking the in- 
tegral [8hlv.dx from «=0 to x=, we shall find the quantity 
of heat which eseapes from the whole surface of the bar during 
unit of time; and if we take the same integral from x=0 to 
n= a, We shall have the quantity of heat est through the part 
of the surface included between the source of heat ae the section, 
made at the distance z. Denoting the first integral by C, whose 

value is constant, and the variable value~ of the second by 
f8hlv.dx; thé difference C— f8hlv. dx will express the whole 
quantity of heat which escapes into the air across the part of 
the surface situate to the right of the section. On the other 
hand, the lamina of the solid, enclosed between two sections 
infinitely near at distances « and «+dz, must resemble an in- 
finite solid, bounded by two parallel planes, subject to fixed 
temperatures v and v+ dv, since, by hypothesis, the temperature 
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does not vary throughout the whole extent of the same section. 
The thickness of the solid is dx, and the area of the section is 
4/7: hence the quantity of heat which flows uniformly, during 
unit of time, across a section of this solid, is, according to the 


preceding principles, — are, k being the specific internal con- 
ducibility : we must therefore have the equation 
dv ; 
— 40k aS C— f8hlv. dx, 
whence kl a = Dh. 
dc 


74. We should obtain the same result by considering the 
equilibrium of heat in a single lamina infinitely thin, enclosed 
between two sections at distances x and x+dzx. In fact, the 
quantity of heat which, during unit of time, crosses the first 
section situate at distance a, is are. To find that which 
flows during the same time across the successive section situate 
at distance x+ dx, we must in the preceding expression change x 
into «+dx, which gives —4I’k. ite (=) . If we subtract 

di dx 
the second expression from the first we shall find how much 
heat is acquired by the lamina bounded by these two sections 
during unit of time; and since the state of the lamina is per- 
manent, it follows that all the heat acquired is dispersed into 
the air across the external surface 8/dx of the same lamina: now 
the last quantity of heat 1s 8hlvdz: we shall obtain therefore the 


same equation 


apfae d*y 2h 
8hludz = 4°?-kd (z) , whence dat = 


75. In whatever manner this equation is formed, it is 
necessary to remark that the quantity of heat which passes into 
the lamina whose thickness is dx, has a finite value, and that 


f The faint being enclosed 


between two surfaces the first of which has a temperature v, 


its exact expression is — 47k 
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and the second a lower temperature v’, we see that the quantity 
of heat which it receives through the first surface depends on 
the difference y—v’, and is proportional to it: but this remark 
is not sufficient to complete the calculation. The quantity in 
question is not a differential: it has a finite value, since it is 
equivalent to all the heat which escapes through that part of 
the external surface of the prism which is situate to the right 
of the section. To form an exact idea of it, we must compare 
the lamina whose thickness is dx, with a solid terminated by 
two parallel planes whose distance is e, and which are maintained 
at unequal temperatures a and b. The quantity of heat which 
passes into such a prism across the hottest surface, is in fact 
proportional to the difference a—6 of the extreme temperatures, 
but it does not depend only on this difference: all other things 
being equal, it is less when the prism is thicker, and in general 


it is proportional to — aK This is why the quantity of heat 


which passes through the first surface into the lamina, whose 
v—v 
ans 

We lay stress on this remark because the negleet of it has 
been the first obstacle to the establishment of- the theory. If 
we did not make a complete analysis of the elements of the 
problem, we should obtain an equation not homogeneous, and, 
a fortiori, we should not be able to form the equations which 
express the movement of heat in more complex cases. 

It was necessary also to introduce into the calculation the 
dimensions of the prism, in order that we might not regard, as 
general, consequences which observation had furnished in a par- 
ticular case. Thus, it was discovered by experiment that a bar 
of iron, heated at one extremity, could not acquire, at a distance 
of six feet from the source, a temperature of one degree (octo- 
gesimal’); for to produce this effect, it would be necessary for 
the heat of the source to surpass considerably the point of fusion 
of iron; but this result depends on the thickness of the prism 
employed. If it had been greater, the heat would have been 
propagated to a greater distance, that is to say, the point of 
the bar which acquires a fixed temperature of one degree is 


thickness is dx, is proportional to 


1 Reaumur’s Scale of Temperature. [A. F.] 
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much more remote from the source when the bar is thicker, all 
other conditions remaining the same. We can always raise by 
one degree the temperature of one end of a bar of iron, by heating 
the solid at the other end; we need only give the radius of the 
base a sufficient length: which is, we may say, evident, and 
of which besides a proof will be found in the solution of the 
problem (Art. 78). 


76. The integral of the preceding equation is 
fr RE 
v= Ae Nut Berna, 


A and B being two arbitrary constants; now, if we suppose the 
distance «a infinite, the value of the temperature v must be 


infinitely small; hence the term Bera does not exist in the in- 


tegral: thus the equation v= Ae“ a represents the permanent 
state of the solid; the temperature at the origin is denoted by 
the constant A, since that is the value of v when z is zero. 

This law according to which the temperatures decrease 
is the same as that given by experiment; several physicists 
have observed the fixed temperatures at different points of a 
metal bar exposed at its extremity to the constant action of a 
source of heat, and they have ascertained that the distances 
from the origin represent logarithms, and the temperatures the 
corresponding numbers. 


77. The numerical value of the constant quotient of two con- 
secutive temperatures being determined by observation, we easily 


deduce the value of the ratio Be for, denoting by v,, v, the tem- 
peratures corresponding to the distances x,, x,, we have 


Qh 5 
— (av, - a5), | 2h log v,—log» 
=e ‘Vit, whence 4/7 =—2_! “2 ,/I, 


L,— 2, 


Us 
V2 
As for the separate values of h and k, they cannot be deter- 


mined by experiments of this kind: we must observe also the 
varying motion of heat. 


78. Suppose two bars of the same material and different 
dimensions to be submitted at their extremities to the same tem- 
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perature A; let 1, be the side of a section in the first bar, and J, 
in the Eee: we EF have, to express the temperatures of these 
two solids, the equations 

2h 

= Ae salt and v,= Ae @V 4h, 

v,, 1n the first a denoting the temperature of a section made 
at distance x,, and v,,-in the second solid, the temperature of a 
section made at distance a,. 

When these two bars have arrived at a fixed state, the tem- 
perature of a section of the first, at a certain distance from the 
source, will not be equal to the temperature of a section of the 
second at the same distance from the focus; in order that the 
fixed temperatures may be equal, the distances must be different. 
If we wish to compare with each other the distances a, and a, 
from the origin up to the points which in the two bars attain 


the same temperature, we must equate the second members of 
2 


: L 

these equations, and from them we conclude that ae = T° Thus 
2 2 

the distances in question are to each other as the square roots of 


the thicknesses. 


79. If two metal bars of equal dimensions, but formed of 
different substances, are covered with the same coating, which 
gives them the same external conducibility’, and if they are 
submitted at their extremities to the same temperature, heat will 
be propagated most easily and to the greatest distance from the 
origin in that which has the greatest condycibility. To compare 
with each other the distances x, and x, from the common origin 
up to the points which acquire the same fixed temperature, we 
must, after denoting the respective conducibilities of the two 
substances by k, and k,, write the equation 

ei vs — k, 


cy = whence —;= 1 


ey 


Thus the ratio of the two Pa vauiities is that of the squares 
of the distances from the common origin to the points which 
attain the same fixed temperature. 


1 Ingenhousz (1789), Sur les métaux comme conducteurs de la chaleur. Journal 
de Physique, xxx1v., 68, 380. Gren’s Journal der Physik, Bd. 1. [A. F.] 
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80. It is easy to ascertain how much heat flows during unit 


of time through a section of the bar arrived at its fixed state: 
2h 


= or 44 ./2khl*. e NH, and 


if we take its value at the origin, we shall have 44,/2khI° as the 
measure of the quantity of heat which passes from the source 
into the solid during unit of time; thus the expenditure of the 
source of heat is, all other things being equal, proportional to the 
square root of the cube of the thickness. 

We should obtain the same result on taking the integral 
{8hlv. dx from x nothing to a infinite. 


this quantity is expressed by — 4k/° 


SECTION VI. 


On the heating of closed spaces. 


81. We shall again make use of the theorems of Article 72 
in the following problem, whose solution offers useful applications ; 
it consists in determining the extent of the heating of closed 
spaces. 

Imagine a closed space, of any form whatever, to be filled with 
atmospheric air and closed on all sides, and that all parts of the 
boundary are homogeneous and have a common thickness e, so 
small that the ratio of the external surface to the internal surface 
differs little from unity. The space which this boundary termi- 
nates is heated by a source whose action is constant; for example, 
by means of a surface whose area is o maintained at a constant 
temperature a. 

We consider here only the mean temperature of the air con- 
tained in the space, without regard to the unequal distribution of 
heat in this mass of air; thus we suppose that the existing causes 
incessantly mingle all the portions of air, and make their tem- 
peratures uniform. 

We see first that the heat which continually leaves the source 
spreads itself in the surrounding air and penetrates the mass of 
which the boundary is formed, is partly dispersed at the surface, 


SECT. VI.] HEATING OF CLOSED SPACES. 63 


and passes into the external air, which we suppose to be main- 
tained at a lower and permanent temperature m. The inner air is 
heated more and more: the same is the case with the solid 
boundary: the system of temperatures steadily approaches a final 
state which is the object of the problem, and has the property of 
existing by itself and of being kept up unchanged, provided the 
surface of the source o be maintained at the temperature a, and 
the external air at the temperature n. 

In the permanent state which we wish to determine the air 
preserves a fixed temperature m; the temperature of the inner 
surface s of the solid boundary has also a fixed value a; lastly, the 
outer surface s, which terminates the enclosure, preserves a fixed 
temperature 6b less than a, but greater than n. The quantities 
o, a, 8, e and m are known, and the quantities m, a and 6 are 
unknown. 

The degree of heating consists in the excess of the temperature 
m over n, the temperature of the external air; this excess evi- 
dently depends on the area o of the heating surface and on its 
temperature a; it depends also on the thickness e of the en- 
closure, on the area s of the surface which bounds it, on the 
facility with which heat penetrates the inner surface or that 
which is opposite to it; finally, on the specific conducibility of 
the solid mass which forms the enclosure: for if any one of these 
elements were to be changed, the others remaining the same, the 
degree of the heating would vary also. The problem is to deter- 
mine how all these quantities enter into the value of m—n. 


82. The solid boundary is terminated by two equal surfaces, 
each of which is maintained at a fixed temperature; every 
prismatic element of the solid enclosed between two opposite por- 
tions of these surfaces, and the normals raised round the contour 
of the bases, is therefore in the same state as if it belonged to an 
infinite solid enclosed between two parallel planes, maintained at 
“unequal temperatures. All the prismatic elements which com- 
pose the boundary touch along their whole length. The points 
of the mass which are equidistant from the inner surface have 
equal temperatures, to whatever prism they belong ; consequently 
there cannot be any transfer of heat in the direction perpendicular 
to the length of these prisms. The case is, therefore, the same 
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as that of which we have already treated, and we must apply 
to it the linear equations which have been stated in former 
articles. 


83. Thus in the permanent state which we are considering, 
the flow of heat which leaves the surface o during a unit of time, 
is equal to that which, during the same time, passes from the 
surrounding air into the inner surface of the enclosure; it is 
equal also to that which, in a unit of time, crosses an inter- 
mediate section made within the solid enclosure by a surface 
equal and parallel to those which bound this enclosure; lastly, 
the same flow is again equal to that which passes from the solid 
enclosure across its external surface, and is dispersed into the air. 
If these four quantities of flow of heat were not equal, some 
variation would necessarily occur in the state of the temperatures, 
which is contrary to the hypothesis. 

The first quantity is expressed by o(a—m)g, denoting by 
g the external conducibility of the surface o, which belongs to 
the source of heat. 

The second is s(m—a)h, the coefficient h being the measure 
of the external conducibility of the surface s, which is exposed 
to the action of the source of heat. 


The third is s EN the coefficient K being the measure of 


the conducibility proper to the homogeneous substance which 
forms the boundary. 

The fourth is s(b—n)H, denoting by H the external con- 
ducibility of the surface s, which the heat quits to be dispersed 
into the air. The coefficients h and H may have very unequal 
values on account of the difference of the state of the two surfaces 
which bound. the enclosure; they are supposed to be known, as 
also the coefficient K: .we shall have then, to determine the three 
unknown quantities m, a and b, the three equations: 


o(a—m)g=s (m—ay)h, 


=e, 


a taciae mane 


K, 


a (4-—m)g=s(b—n) H. 
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84. The value of m is the special object of the problem. It 
may be found by writing the equations in the form 


adding, we have m—n=(a—m) P, 
denoting by P the known quantity - Lge += one $) 


whence we conclude 


9. 9 
P NGautae ae 
iP ; 
7: 2(7+%+ 5) 


m—n=(a—n) 


85. The result shews how m—~n, the extent of the heating, 
depends on given quantities which constitute the hypothesis. 
We will indicate the chief results to be derived from it’. 


Ist. The extent of the heating m—~n is directly proportional 
to the excess of the temperature of the source over that of the 


external air. 


2nd. The value of m—n does not depend on the form of 
the enclosure nor on its volume, but only on the ratio = of the 


surface from which the heat proceeds to the surface which receives 
it, and also on e the thickness of the boundary. 

If we double o the surface of the source of heat, the extent 
of the heating does not become double, but increases according 
to a certain law which the equation expresses. 


- 1 These results were stated by the author in a rather different manner in the 
extract from his original memoir published in the Bulletin par la Société Philo- 
matique de Paris, 1818, pp. 1—11. [A. F.] 


F. H. 5 
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3rd. All the specific coefficients which regulate the action 
of the heat, that is to say, g, K, H and h, compose, with the 


; , ; ; ge, g 
dimension e, in the value of m—n a single element Hee Rte 


whose value may be determined by observation. 

If we doubled e the thickness of the boundary, we should 
have the same result as if, in forming it, we employed a sub- 
stance whose conducibility proper was twice as great. Thus the 
employment of substances which are bad conductors of heat 
permits us to make the thickness of the boundary small; the 


effect which-is obtained depends only on the ratio x : 


4th. If the conducibility K is nothing, we find m—n=a; 
that is to say, the inner air assumes the temperature of the 
source: the same is the case if H is zero, or h zero. These con- 
sequences are otherwise evident, since the heat cannot then be 
dispersed into the external air. 


5th. The values of the quantities g, H, h, K and a, which 
we supposed known, may be measured by direct experiments, 
as we shall shew in the sequel; but in the actual problem, it 
will be sufficient to notice the value of m—n which corresponds 
to given values of o and of a,:and this value may be used to 


determine the whole coefficient ; + + * by means of the equa- 


tion m—n= (an) p+ (1 +2p) in which p denotes the co- 
efficient sought. We must substitute in this equation, instead 
of A and a—n, the values of those quantities, which we suppose 


given, and that of m-—mn which observation will have made 
known. From it may be derived the value of p, and we may 
then apply the formula to any number of other cases. 


6th. The coefficient H enters into the value of m—n in 
the same manner as the coefficient h; consequently the state of 
the surface, or that of the envelope which covers it, produces 
the same effect, whether it has reference to the inner or outer 
surface. 

We should have considered it useless to take notice of these 
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different consequences, if we were not treating here of entirely 
new problems, whose results may be of direct use. 


86. We know that animated bodies retain a temperature 
sensibly fixed, which we may regard as independent of the tem-. 
perature of the medium in which they live. These bodies are, 
after some fashion, constant sources of heat, just as inflamed 
_ substances are in which the combustion has become uniform. 
We may then, by aid of the preceding remarks, foresee and 
regulate exactly the rise of temperature in places where a great 
number of men are collected together. If we there observe the 
height of the thermometer under given circumstances, we shall 
determine in advance what that height would be, if the number 
of men assembled in the same spate became very much greater. 

In reality, there are several accessory circumstances which 
modify the results, such as the unequal thickness of the parts 
of the enclosure, the difference of their aspect, the effects which 
the outlets produce, the unequal distribution of heat in the air. 
We cannot therefore rigorously apply the rules given by analysis; 
nevertheless these rules are valuable in themselves, because they 
contain the true principles of the matter: they prevent vague 
reasonings and useless or confused attempts. 


87. If the same space were heated by two or more sources 
of different kinds, or if the first inclosure were itself contained 
in a second enclosure separated from the first by a mass of air, 
we might easily determine in like manner the degree of heating 
and the temperature of the surfaces. 

If we suppose that, besides the first source o, there is a second 
heated surface 7, whose constant temperature is 8, and external 
conducibility 7, we shall find, all the other denominations being 
retained, the following equation : 


(a—n)ogt+(B—n)aj/e 1 t) 

ies : (etati 

er Eee a) 
(aa Canam 


If we suppose only one source a, and if the first enclosure is 
itself contained in a second, s’, h’, kK", H’, e’, representing the 
2 
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elements of -the second enclosure which correspond to those of 
the first which were denoted by s, h, K, H, e; we shall find, 
p denoting the temperature of the air which surrounds the ex- 
ternal surface of the second enclosure, the following equation : 
pene rns JE 
1+P 
The quantity P represents 


o (9, ge i = (2 ge g) 
= ($40 4S) +5 Wt ie Wy 


We should obtain a similar result if we had three or a greater 
number of successive enclosures; and from this we conclude that 
these solid envelopes, separated by air, assist very much in in- 
creasing the degree of heating, however small their thickness 
may be. 


88. To make this remark more evident, we will compare the 
quantity of heat which escapes from the heated surface, with 
that which the same body would lose, if the surface which en- 
velopes it were separated from it by an interval filled with air. 

If the body A be heated by a constant cause, so that its 
surface preserves a fixed temperature 0, the air being maintained 
at a less temperature a, the quantity of heat which escapes into 
the air in the unit of time across a unit of surface will be 
expressed by h(b—a), h being the measure of the external con- 
ducibility. Hence in order that the mass may preserve a fixed 
temperature 6, it is necessary that the source, whatever it may 
be, should furnish a quantity of heat equal to hS(b—a), & de- 
noting the area of the surface of the solid. 

Suppose an extremely thin shell to be detached from the 
body A and separated from the solid by an interval filled with 
air; and suppose the surface of the same solid A to be still 
maintained at the temperature 0. We see that the air contained 
between the shell and the body will be heated and will take 
a temperature @ greater than a. The shell itself wiil attain 
a permanent state and will transmit to the external air whose 
fixed temperature is a all the heat which the body loses, It 
follows that the quantity of heat escaping from the solid will 
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be hS (b—a’), instead of being hS(b—a), for we suppose that 
the new surface of the solid and the surfaces which bound the 
shell have likewise the same external conmducibility h. It is 
evident that the expenditure of the source of heat will be less 
than it was at first. The problem is to determine the exact ratio 
of these quantities. 


89. Let e be the thickness of the shell, m the fixed tempera- 
ture of its inner surface, n that of its outer surface, and XK its 
internal conducibility. We shall have, as the expression of the 
quantity of heat which leaves the solid through its surface, 
hS (b—a’). / 

As that of the quantity which penetrates the inner surface. 
of the shell, hS (a’ —m). 

As that of the gags which crosses any section whatever 


Lastly, as the expression of the anit which passes through 
the outer surface into the air, AS (n—a). 

All these quantities must be equal, we have therefore the 
following equations : 


h(n—a) => (mn), 
h(n—a)=h(a—m), 
h(n—a) =h(b-a@), 
If moreover we write down the identical equation 
h(n—a)=h(n—a), 
and arrange them all under the forms 


n—-a=nr—-a, 


m Te a) 
K J 

a’ —-m=n—a, 

b-—a'=n-a, 


we find, on addition, 


b-a=(n-a) (3+ %): 


‘ 
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The quantity of heat lost by the solid was hS(b—a), when 
its surface communicated freely with the air, it is now hS (b—a’) 


or hS(n—a), which is equivalent to AS = - A 


8 +4 


The first quantity is greater than the second in the ratio of 
3+ = to 1. 

In order therefore to maintain at temperature b a solid whose 
surface communicates directly to the air, more than three times 
as much heat is necessary than would be required to maintain 
it at temperature 6, when its extreme surface is not adherent 
but separated from the solid by any small interval whatever filled 
with air. 

If we suppose the thickness e to be infinitely small, the 
ratio of the quantities of heat lost will be 3, which would also 
be the value if K were infinitely great. 

We can easily account for this result, for the heat being 
unable to escape into the external air, without penetrating several 
surfaces, the quantity which flows out must diminish as the 
number of interposed surfaces increases; but we should have 
been unable to arrive at any exact judgment in this case, if the 
problem had not been submitted to analysis. 


90. We have not considered, in the preceding article, the 
effect of radiation across the layer of air which separates the 
two surfaces; nevertheless this circumstance modifies the prob- 
lem, since there is a portion of heat which passes directly across 
the intervening air. We shall suppose then, to make the object 
of the analysis more distinct, that the interval between the sur- 
faces is free from air, and that the heated body is covered by 
any number whatever of parallel laminz separated from each 
other. 

If the heat which escapes from the solid through its plane 
superficies maintained at a temperature 4 ecanarae itself freely 
in vacuo and was received by a parallel surfacé maintained at 
a less temperature a, the quantity which would be dispersed in 
unit of time across unit of surface would be proportional to (b—a), 
the difference of the two constant temperatures: this quantity 
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would be represented by H (6—a), H being the value of the rela- 
tive conducibility which is not the same as h. 

The source which maintains the solid in its original state must 
therefore furnish, in every unit of time, a quantity of heat equal 
to HS (b—a). 

We must now determine the new value of this expenditure 
in the case where the surface of the body is covered by several 
successive laminz separated by intervals free from air, supposing 
always that the solid is subject to the action of any external 
cause whatever which maintains its surface at the temperature b. 

Imagine the whole system of temperatures to have become 
fixed; let m be the temperature of the under surface of the first 
lamina which is consequently opposite to that of the solid, let n 
be the temperature of the upper surface of the same lamina, 
e its thickness, and K its specific conducibility ; denote also by 
M,,1,, M,, N,, M,, N,, ™M,, n,, &c. the temperatures of the under 
and upper surfaces of the different laminz, and by K, e, the con- 
ducibility and thickness of the same laminz; lastly, suppose all 
these surfaces to be in a state similar to the surface of the solid, 
so that the value of the coefficient H is common to them. 

The quantity of heat which penetrates the under surface of 
a lamina corresponding to any suffix 2 is HS(n,_,—m,), that which 


crosses this lamina is AE (on, —n,), and the quantity which escapes 


from its upper surface is HS (n,—™m,,,). These three quantities, 
and all those which refer to the other lamine are equal; we may 
therefore form the equation by comparing all these quantities 
in question with the first of them, which is HS(b—m,); we shall 
thus have, denoting the number of laminz by 7: 


b-—m,=b-m,, 


wer eerreerereeroerereose 
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n—a =b—m,. 
Adding these equations, we find 
Fete &0 
(b-a)=(6-m)j (14+). 
The expenditure of the source of heat necessary to maintain 
the surface of the body A at the temperature 6 is HS (b—a), 
when this surface sends its rays to a fixed surface maintained at 
the temperature a. The expenditure is HS (b—m,) when we place 
between the surface of the body A, and the fixed surface maintained 
at temperature a, a number of isolated lamin; thus the quantity 
of heat which the source must furnish is very much less in the 
second hypotheses than in the first, and the ratio of the two 


1 
; He’ 
j(l+%) 


lamin to be infinitely small, the ratio is - The expenditure 


quantities is If we suppose the thickness e of the 


of the source is then inversely as the number of laminze which 
cover the surface of the solid. 


91. The examination of these results and of those which we 
obtained when the intervals between successive enclosures were 
occupied by atmospheric air explain clearly why the separation 
of surfaces and the intervention of air assist very much in re- 
taining heat. . 

Analysis furnishes in addition analogous consequences when 
we suppose the source to be external, and that the heat which 
emanates from it crosses successively different diathermanous 
envelopes and the air which they enclose. This is what has 
happened when experimenters have exposed to the rays of the 
sun thermometers covered by several sheets of glass within which 
different layers of air have been enclosed. 

For similar reasons the temperature of the higher regions 
of the atmosphere is very much less than at the surface of the 
earth. 
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In general the theorems concerning the heating of air in 
closed spaces extend to a great variety of problems. It would 
be useful to revert to them when we wish to foresee and regulate 
temperature with precision, as in the case of green-houses, drying- 
houses, sheep-folds, work-shops, or in many civil éstablishments, 
such as hospitals, barracks, places of assembly. 

In these different applications we must attend to accessory 
circumstances which modify the results of analysis, such as the 
unequal thickness of different parts of the enclosure, the intro- 
duction of air, &c.; but these details would draw us away from 
our chief object, os is the exact eon us avios of general 
principles. 

For the rest, we have considered only, in Za has just been 
said, the permanent state of temperature in closed spaces. We 
can in addition express analytically the variable state which 
precedes, or that which begins to take place when the source of 
heat is withdrawn, and we can also ascertain in this way, how 
the specific properties of the bodies which we employ, or their 
dimensions affect the progress and duration of the heating ; but 
these researches require a different analysis, the principles of 
which will be explained in the following chapters. 


SECTION VII. 
On the uniform movement of heat in three dimensions. 


92. Up to this time we have considered the uniform move- 
ment of heat in one dimension only, but it is easy to apply the 
same principles to the case in which heat is propagated uniformly 
in three directions at right angles. 

Suppose the different points of a solid enclosed by six planes 
at right angles to have unequal actual temperatures represented 
by the linear equation v=A+ax+ by + cz, x, y, 2, being the 
rectangular co-ordinates of a molecule whose temperature is v. 
Suppose further that any external causes whatever acting on the 
six faces of the prism maintain every one of the molecules situated 
on the surface, at its actual temperature expressed by the general 


equation 
V =A ALH DY HACE rrvcrcecscrercrncncreees (a), 
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we shall prove that the same causes which, by hypothesis, keep 
the outer layers of the solid in their initial state, are sufficient 
to preserve also the actual temperatures of every one of the inner 
molecules, so that their temperatures do not cease to be repre- 
sented by the linear equation. 

The examination of this question is an element of the 
general theory, it will serve to determine the laws of the varied 
movement of heat in the interior of a solid of any form whatever, 
for every one of the prismatic molecules of which the body is 
composed is during an infinitely small time in a state similar 
to that which the linear equation (a) expresses. We may then, 
by following the ordinary principles of the differential calculus, 
easily deduce from the notion of uniform movement. the general 
equations of varied movement. 


93. In order to prove that when the extreme layers of the 
solid preserve their temperatures no change can happen in the 
interior of the mass, it is sufficient to compare with each other 
the quantities of heat which, during the same instant, cross two 
parallel planes. 

Let 6 be the perpendicular distance of these two planes which 
we first suppose parallel to the horizontal plane of wand y. Let 
m and m’ be two infinitely near molecules, one of which is above 
the first horizontal plane and the other below it: let a, y, z be 
the co-ordinates of the first molecule, and 2’, y’, 2 those of the 
second. .In like manner let M@ and M’ denote two infinitely 
near molecules, separated by the second horizontal plane and 
situated, relatively to that plane, in the same manner as m and 
m’ are relatively to the first plane; that is to say, the co-ordinates 
of M are a, y, 2+, and those of M’ are 2’, y’, 2 +b. It is evident 
that the distance mm’ of the two molecules m and m’ is equal 
to the distance MM’ of the two molecules M and M’; further, 
let v be the temperature of m, and v’ that of m’, also let V and 
V’ be the temperatures of M and M’, it is easy to see that the 
two differences y—v' and V—V' are equal; in fact, substituting 
first the co-ordinates of m and m’ in the general equation 


v=A+ax4+ by + cz, 
we find v-v =a(z—aw) +b(y-y) + e(e-2), 
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and then substituting the co-ordinates of M and M’, we find also 
V—-Vsa(z—@)+by—-y)+c(z—2). Now the quantity of 
heat which m sends to m’ depends on the distance mm’, which 
separates these molecules, and it is proportional to the difference 
v—v of their temperatures. This quantity of heat transferred 
may be represented by 


q (v—v) dt; 


the value of the coefficient g depends in some manner on the 
distance mm’, and on the nature of the substance of which the 
solid is formed, dt is the duration of the instant. The quantity 
of heat transferred from M to M’, or the action of M on M’ is 
expressed likewise by g (V—V’) dt, and the coefficient ¢ is the 
same as in the expression qg(v—v’) dt, since the distance MM’ is 
equal to mm’ and the two actions are effected in the same solid: 
furthermore V—V’ is equal to v—v’, hence the two actions are 
equal. 

If we choose two other points n and n’, very near to each 
other, which transfer heat across the first horizontal plane, we 
shall find in the same manner that their action is equal to that 
of two homologous points NV and N’ which communicate heat 
across the second horizontal plane. We conclude then that the 
whole quantity of heat which crosses the first plane is equal to 
that which crosses the second plane during the same instant. 
We should derive the same result from the comparison of two 
planes parallel to the plane of a and z, or from the comparison 
of two other planes parallel to the plane of y and z. Hence 
any part whatever of the solid enclosed between six planes at 
right angles, receives through each of its faces as much heat as 
it loses through the opposite face; hence no portion of the solid 
can change temperature. 


94, From this we see that, across one of the planes in 
question, a quantity of heat flows which is the same at all in- 
stants, and which is also the same for all other parallel sections. 

In order to determine the value of this constant flow we 
shall compare it with the quantity of heat which flows uniformly 
in the most simple case, which has been already discussed. The 
case is that of an infinite solid enclosed between two infinite 
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planes and maintained in a constant state. We have seen that 
the temperatures of the different points of the mass are in this 
case represented by the equation v= 4 +c¢z; we proceed to prove 
that the uniform flow of heat propagated in the vertical direction 
in the infinite solid is equal to that which flows in the same 
direction across the prism enclosed by six planes at right angles. 
This equality necessarily exists if the coefficient ¢ in the equation 
v= A-+cz, belonging to the first solid, is the same as the coeffi- 
cient c in the more general equation v= A+aw+ by +cz which 
represents the state of the prism. In fact, denoting by H a 
plane in this prism perpendicular to z, and by m and yp two 
molecules very near to each other, the first of which m is below 
the plane H, and the second above this plane, let v be the 
temperature of m whose co-ordinates are a, y, 2, and w the 
temperature of w whose co-ordinates arexa+a,y+,z+y. Take 
a third molecule yw’ whose co-ordinates are x—a, y— 8, z+¥, and 
whose temperature may be denoted by w’. We see that mw and 
p’ are on the same horizontal plane, and that the vertical drawn 
from the middle point of the line wy’, which joins these two 
points, passes through the point m, so that the distances mp and 
mp are equal. The action of mon yp, or the quantity of heat 
which the first of these molecules sends to the other across the 
plane H, depends on the difference v— w of their temperatures. 
The action of m on p’ depends in the same manner on the 
difference v—w' of the temperatures of these molecules, since 
the distance of m from wp is the same as that of m from yp’. Thus, 
expressing by g (v—w) the action of m on yw during the unit of 
time, we shall have q(v—w’) to express the action of m on p’, 
gq being a common unknown factor, depending on the distance 
my and on the nature of the solid. Hence the sum of the two 
actions exerted during unit of time is g(v-—-w+vu—w’). 
If instead of 2, y, ead z, in the general equation 


v=A+ax+tby+cz, 


we substitute the co-ordinates of m and then those of mw and p’, 
we shall find 
v—w=—aa—b8—- cy, 


v—w' =+a2+ bB— cy. 
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The sum of the two actions of m on p and of m on p’ is there- 
fore — 2qcy. 

Suppose then that the plane H belongs to the infinite solid 
whose temperature equation is v= A +-cz, and that we denote 
also by m, w and yw’ those molecules in this solid whose co- 
ordinates are «, y, z for the first, +a, y+, 2+y¥ for the second, 
and #—a,y—8,z+y¥ for the third: we shall have, as in the 
preceding case, v-w+vu—w'=—2cy. Thus the sum of the two 
actions of m on wand of m on pw’, is the same in the infinite solid 
as in the prism enclosed between the six planes at right angles. 

We should obtain a similar result, if we considered the action 
of another point m below the plane H on two others v and v’, 
situated at the same height above the plane. Hence, the sum 
of all the actions of this kind, which are exerted across the plane 
H, that is to say the whole quantity of heat which, during unit 
of time, passes to the upper side of this surface, by virtue of the 
action of very near molecules which it separates, is always the 
same in both solids. 


95. In the second of these two bodies, that which is bounded 
by two infinite planes, and whose temperature equation is 
»v = A+cz, we know that the quantity of heat which flows during 
unit of time across unit of area taken on any horizontal section 
whatever is — cK, c being the coefficient of z, and K the specific 
conducibility; hence, the quantity of heat which, in the prism 
enclosed between six planes at right angles, crosses during unit 
of time, unit of area taken on any horizontal section whatever, 
is also — cK, when the linear equation which represents the tem- 
peratures of the prism is 


v=A+ax+ by + cz. 


In the same way it may be proved that the quantity of heat 
which, during unit of time, flows uniformly across unit of area 
taken on any section whatever perpendicular to a, is expressed 
by —a@K, and that the whole quantity which, during unit of time, 
crosses unit of area taken on a section perpendicular to y, is 
expressed by — bK. 

The theorems which we have demonstrated in this and the 
two preceding articles, suppose the direct action of heat in the 
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interior of the mass to be limited to an extremely small distance, 
but they would still be true, if the rays of heat sent out by each 
molecule could penetrate directly to a quite appreciable distance, 
but it would be necessary in this case, as we have remarked in 
Article 70, to suppose that the cause which maintains the tem- 
peratures of the faces of the solid affects a part extending within 
the mass to a finite depth. 


SECTION VIII. 
Measure of the movement of heat at a given point of a solid mass. 


96. It still remains for us to determine one of the principal 
elements of the theory of heat, which consists in defining and in 
measuring exactly the quantity of heat which passes through 
every point of a solid mass across a plane whose direction is given. 

If heat is unequally distributed amongst the molecules of the 
same body, the temperatures at any point will vary every instant. 
Denoting by t the time which has elapsed, and by v the tem- 
perature attained after a time ¢ by an infinitely small molecule 
whose co-ordinates are x, y, 2; the variable state of the solid willbe 
expressed by an equation similar to the following v = F(a, y, z, t). 
Suppose the function & to be given, and that consequently we 
can determine at every instant the temperature of any point 
whatever; imagine that through the point m we draw a hori- 
zontal plane parallel to that of w and y, and that on this plane 
we trace an infinitely small circle w, whose centre is at m; it is 
required to determine what is the quantity of heat which during 
the instant dt will pass across the circle » from the part of the 
solid which is below the plane into the part above it. 

All points extremely near to the point m and under the plane 
exert their action during the infinitely small instant dé, on all 
those which are above the plane and extremely near to the point 
m, that is to say, each of the points situated on one side of this 
plane will send heat to each of those which are situated on the 
other side. 

We shall consider as positive an action whose effect is to 
transport a certain quantity of heat above the plane, and as 
negative that which causes heat to pass below the plane. The 
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sum of all the partial actions which are exerted across the circle 
w, that is to say the sum of all the quantities of heat which, 
crossing any point whatever of this circle, pass from the part 
of the solid below the plane to the part above, compose the flow 
whose expression is to be found. 

It is easy to imagine that this flow may not be the same 
throughout the whole extent of the solid, and that if at another 
point m’ we traced a horizontal circle w equal to the former, the 
two quantities of heat which rise above these planes » and o’ 
during the same instant might not be equal: these quantities are 
comparable with each other and their ratios are numbers which 
may be easily determined. / 


97. We know already the value of the constant flow for the 
case of linear and uniform movement; thus in the solid enclosed be- 
tween two infinite horizontal planes, one of which is maintained at 
the temperature a and the other at the temperature b, the flow of 
heat is the same for every part of the mass; we may regard it as 
taking place in the vertical direction only. The value correspond- 
ing to unit of surface and to unit of time is K A), e denoting 
the perpendicular distance of the two planes, and K the specific 
conducibility: the temperatures at the different points of the 
solid are expressed by the equation v=a— — - °) Ze 

When the problem is that of a solid comprised between six 
rectangular planes, pairs of which are parallel, and the tem- 
peratures at the different points are expressed by the equation 

v=A+axtby+cz, 

the propagation takes place at the same time along the directions 
of x, of y, of 2; the quantity of heat which flows across a definite 
portion of a plane parallel to that of « and y is the same through- 
out the whole extent of the prism; its value corresponding to unit 
of surface, and to unit of time is — cK, in the direction of z, it is 
—~bK, in the direction of y, and — aX in that of z. 

In general the value of the vertical flow in the two cases which 


we have just cited, depends only on the coefficient of z and on 


. : . a 
the specific conducibility K; this value is always equal to — A “: ; 
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The expression of the quantity of heat which, during the in- 
stant dt, flows across a horizontal circle infinitely small, whose area 
is w, and passes in this manner from the part of the solid which is 
below the plane of the circle to the part above, is, for the two cases 


; : du 
in question, —K dz Oot: 


98. It is easy now to generalise this result and to recognise 
that it exists in every case of the varied movement of heat ex- 
pressed by the equation v= F (a, y, z, t). 

Let us in fact denote by a’, y’, 2’, the co-ordinates of this point 
m, and its actual temperature by v. Let 2 +&, y' +7, 2° +6, he 
the co-ordinates of a point mw infinitely near to the point m, and 
whose temperature is w ; &,, € are quantities infinitely small added 
to the co-ordinates a’, y’, 2’; they determine the position of 
molecules infinitely near to the point m, with respect to three 
rectangular axes, whose origin is at m, parallel to the axes of 
x,y, and z. Differentiating the equation 


=f (a4, 2,0) 

and replacing the differentials by & 7, & we shall have, to express 
the value of w which is equivalent to v+ dv, the linear equation 
w=v + . Jas i n+ e f; the coefficients v’, a ee , are func- 
tions of x, y, 2, #, in which the given and constant values 2’, y’, z’, 
which belong to the point m, have been substituted for 2, y, z 

Suppose that the same point m belongs also to a solid enclosed 
between six rectangular planes, and that the actual temperatures 
of the points of this prism, whose dimensions are finite, are ex- 
pressed by the lnear equation w= A +a&+bn+ cf; and that 
the molecules situated on the faces which bound the solid are 
maintained by some external cause at the temperature which is 
assigned to them by the linear equation. &, 7, € are the rectangular 
co-ordinates of a molecule of the prism, whose temperature is w, 
referred to three axes whose origin is at m. 

This arranged, if we take as the values of the constant coeffi- 
cients A, a, b, c, which enter into the equation for the prism, the 


dv’ dv’ dv’ 
quantities v, ae Ty oe which belong ‘to the differential equa- 


tion ; the state of the prism expressed by the equation 
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7 


wav shee oath 


will coincide as nearly as possible with the state of the solid ; that 

is to say, all the molecules infinitely near to the point m will have 

the same temperature, whether we consider them to be in the solid 

or in the prism. This coincidence of the solid and the prism is 

quite analogous to that of curved surfaces with the planes which . 
touch them. 

It is evident, from this, that the quantity of heat which flows 
in the-solid across the circle w, during the instant dt, is the same 
as that which flows in the prism across the same circle; for all the 
molecules whose actions concur in one effect or the other, have 
the same temperature in the two solids. Hence, the flow in 

dv 


question, in one solid or the other, is expressed by — K oe wdt. 


It would be —- K af wdt, if the circle w, whose centre is m, were 


dy 
perpendicular to the axis of y, and —-K S wdt, if this circle were 


perpendicular to the axis of a. 

The value of the flow which we have just determined varies 
in the solid from one point to another, and it varies also with 
the time. We might imagine it to have, at all the points of a 
unit of surface, the same value as at the point m, and to preserve 
this value during unit of time; the flow would then be expressed 
by -K&, it would be— Ke in the direction of y, and — K4" 
in that of a We shall ordinarily employ in calculation this 
value of the flow thus referred to unit of time and to unit of 


surface. 


99. This theorem serves in general to measure the velocity 
with which heat tends to traverse a given point of a plane 
situated in any manner whatever in the interior of a solid whose 
temperatures vary with the time. Through the given point m, 
a perpendicular must be raised upon the plane, and at every 
point of this perpendicular ordinates must be drawn to represent 
the actual temperatures at its different points. A plane curve 
will thus be formed whose axis of abscisse is the perpendicular. 


F. H. 6 
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The fluxion of the ordinate of this curve, answering to the point 
m, taken with the opposite sign, expresses the velocity with 
which heat is transferred across the plane. This fluxion of the 
ordinate is known to be the tangent of the angle formed by 
tke element of the curve with a parallel to the abscisse. 

The result which we have just explained is that of which 
the most frequent applications have been made in the theory 
of heat. We cannot discuss the different problems without 
forming a very exact idea of the value of the flow at every point 
of a body whose temperatures are variable. It is necessary to 
insist on this fundamental notion; an example which we are 
about to refer to will indicate more clearly the use which has 
been made of it in analysis. 


100. Suppose the different points of a cubic mass, an edge 
of which has the length z, to have unequal actual temperatures 
represented by the equation v=cosxcosycosz. The co- 
ordinates x, y, z are measured on three rectangular axes, whose 
origin is at the centre of the cube, perpendicular to the faces. 
The points of the external surface of the solid are at the actual 
temperature 0, and it is supposed also that external causes 
maintain at all these points the actual temperature 0. On this 
hypothesis the body will be cooled more and more, the tem- 
peratures of all the points situated in the interior of the mass 
will vary, and, after an infinite time, they will all attain the 
temperature 0 of the surface. Now, we shall prove in the sequel, 
that the variable state of this solid is expressed by the equation 


v=e" COS & COS Y COS Z, 


the coefficient g is equal to oS K is the specific conduci- 


bility of the substance of which the solid is formed, D is the 
density and C the specific heat; ¢ is the time elapsed. 

We here suppose that the ah of this equation is- admitted, 
and we proceed to examine the use which may be made of it 
to find the quantity of heat which crosses a given plane parallel 
to one of the three planes at the right angles. 

If, through the point m, whose co-ordinates are a, y, 2, we 
draw a plane perpendicular to z, we shall find, after the mode 
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of the preceding article, that the value of the flow, at this point 


| ; d ie : 
and across the plane, is— K Gti e. cos g..cosy.cin 2 The 


v 
dz 5) 
quantity of heat which, during the instant dt, crosses an infinitely 
small rectangle, situated on this plane, and whose sides are 


da and dy, is 
Ke" cos x cos y sin z du dy dt. 


Thus the whole heat which, during the instant dé, crosses the 
entire area of the same plane, is 


GB sin 2.dt [cos cos y de dy; 


the double integral being taken from n=—50 up to #= : Tr, 


and from y =— : m7up toy =5r. - We find then for the ex- 


pression of this total heat, 
4 Ke“ sin z. dt. 


If then we take the integral with respect to t, from t =0 to 
t=t, we shall find the quantity of heat which has crossed the 
same plane since the cooling began up to the actual moment. 


This integral is : sin z (1 —e™”), its value at the surface is 


=e), 


so that after an infinite time the quantity of heat lost through 
one of the faces ee The same reasoning being applicable 
to each of the six ae. we conclude that the solid has lost by its 
complete cooling a total quantity of heat equal to = is or 8CD, 


since g is equivalent to a The total heat which is dissipated 
during the cooling must indeed be independent of the special 
conducibility K, which can only influence more or less the 
velocity of cooling. 


6—2 


‘ 
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100. A. We may determine in another manner the quantity 
of heat which the solid loses during a given time, and this will 
serve in some degree to verify the preceding calculation. In 
fact, the mass of the rectangular molecule whose dimensions are 
dx, dy, dz, is Ddadydz,. consequently the quantity of heat 
which must be given to it to bring it from the temperature 0 to 
that of boiling water is CD da dy dz, and if it were required to 
raise this molecule to the temperature v, the expenditure of heat 
would be v CD dzx dy dz. 

It follows from this, that in order to find the quantity by 
which the heat of the solid, after time ¢, exceeds that which 
it contained at the temperature 0, we must take the mul- 


tiple integral | i | v CD dx dy dz, between the limits a = — J T, 
1 


ole wads bot eI Aor? pC ees ds bari a 


We thus find, on substituting for v its value, that is to say 
e” COS £ COS ¥ COS Z, 


that the excess of actual heat over that which belongs to the 
temperature 0 is 8CD(1—e™); or, after an infinite time, 
8 CD, as we found before. 

We have described, in this introduction, all the elements which 
it is necessary to know in order to solve different problems 
relating to the movement, of heat in solid bodies, and we have 
given some applications of these principles, in order to shew 
the mode of employing them in analysis; the most important 
use which we have been able to make of them, is to deduce 
from them the general equations of the propagation of heat, 
which is the subject of the next chapter. 


Noie on Art. 76. The researches of J. D. Forbes on the temperatures of a long 
iron bar heated at one end shew conclusively that the conducting power K is not con- 
stant, but diminishes as the temperature increases.—Transactions of the Royal 
Society of Edinburgh, Vol. xx. pp. 133—146 and Vol. xxiv. pp. 73—110. 

Note on Art. 98. General expressions for the flow of heat within a mass in 
which the conductibility varies with the direction of the flow are investigated by 
Lamé in his Théorie Analytique de la Chaleur, pp. 1—8, [A. F.] 


CHAPTER II. 


EQUATIONS CF THE MOVEMENT OF HEAT. 


SECTION IL. 
Equation of the varied movement of heat in a ring. 


101. WE might form the general equations which represent 
the movement of beat in solid bodies of any form whatever, and 
apply them +o particular cases. But this method would often 
involve very complicated calculations which may easily be avoided. 
There are several problems which it is preferable to treat in a 
special manner by expressing the conditions which are appropriate 
to them; we proceed to adopt this course and examine separately 
the problems which have been enunciated in the first section of 
the introduction; we will limit eurselves at first to forming the 
differential equations, and shall give the integrals of them. in the 
following chapters. | 


102. We have already considered the uniform movement of 
heat in a prismatic bar of small thickness: whose extremity is 
immersed in a constant source of heat. This first case offered no 
difficulties, since there was no reference except to the permanent — 
state of the temperatures, and the equation which expresses them 
is easily integrated. The following problem requires a more pro- 
found investigation; its object is to determine the variable state 
of a solid ring whose different points have received initial tempe- 
ratures entirely arbitrary. 

The solid ring or armlet is generated by the revolution of 
a rectangular section about an axis perpendicular to the plane of 


\ 
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the ring (see figure 3), J is the perimeter of the section whose area 
Fig. 3. is S, the coefficient h measures the external con- 
ducibility, K the internal conducibility, C the 
specific capacity for heat, D the density. The line 
oxa'x’’ represents the mean circumference of the 
armlet, or that line which passes through the 
® centres of figure of all the sections; the distance 
of a section from the origin o is measured by the 
arc whose length is z; R is the radius of the mean circumference. 
It is supposed that on account of the small dimensions and of 
the form of the section, we may consider the temperature at the 
different points of the same section to be equal. 


7) 


103. Imagine that initial arbitrary temperatures have been 
given to the different sections of the armlet, and that the solid is 
then exposed to air maintained at the temperature 0, and dis- 
placed with a constant velocity; the system of temperatures will 
continually vary, heat will be propagated within the ring, and 
dispersed at the surface: it is required to determine what will be 
the state of the solid at any given instant. 

Let v be the temperature which the section situated at distance 
x will have acquired after a lapse of time ¢; v is a certain function 
of « and ¢, into which all the initial temperatures also must enter: 
this is the function which is to be discovered. 


104, We will consider the movement of heat in an infinitely 
small slice, enclosed between a section made at distance w and 
another section made at distance a+dz. The state of this slice 
for the duration of one instant is that of an infinite solid termi- 
nated by two parallel planes maintained at unequal temperatures; 
thus the quantity of heat which flows during this instant dt across 
the first section, and passes in this way from the part of the solid 
which precedes the slice into the slice itself, is measured according 
to the principles established in the introduction, by the product of 
four factors, that is to say, the conducibility K, the area of the 


section S, the ratio ace and the duration of the instant; its 


ee d ; : 
expression is — KS dt. To determine the quantity of heat 
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which escapes from the same slice across the second section, and 
passes into the contiguous part of the solid, it is only necessary 
to change x into «+dzx in the preceding expression, or, which is 
the same thing, to add to this expression its differential taken 
with respect to 2; thus the slice receives through one of its faces 


a quantity of heat equal to —AS dt, and loses through the 
opposite face a quantity of heat nO oe by 


See ay igs dn dt 
da 


It acquires therefore by reason of its position a quantity of heat 
equal to the difference of the two preceding quantities, that: is 


Ks qade 


On the other hand, the same slice, whose external surface is 
ld and whose temperature differs infinitely little from v, allows 
a quantity of heat equivalent to hludxdt to escape into the air 
during the instant dé; it follows from this that this infinitely 
small part of the ee retains in reality a quantity of heat 


represented by K we 3 de dt —hlv dxdt which makes its tempe- 


rature vary. The ae of this change must be examined. 


105. The coefficient C expresses how much heat is required 
to raise unit of weight of the substance in question from tempe- 
rature 0 up to temperature 1; consequently, multiplying the 
volume Sdz of the infinitely small slice by the density D, to 
obtain its weight, and by C the specific capacity for heat, we shall 
have CDSdx as the quantity of heat which would raise the 
volume of the slice from temperature 0 up to temperature 1. 
Hence the increase of temperature which results from the addition 


of a quantity of heat equal to KS 5S de dt — ho dx dt will be 


found by dividing the last quantity by CDS dz. Denoting there- 
fore, according to custom, the increase of temperature which takes 


place during the instant dé by i dt, we shall have the equation 


\ 
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du Kady hl, 6) 
di. OD da MOUS Fre as 


We shall explain in the sequel the use which may be made of 
this equation to determine the complete solution, and what the 
difficulty of the problem consists in; we limit ourselves here to 
a remark concerning the permanent state of the armlet. 


106. Suppose that, the plane of the ring being horizontal, 
sources of heat, each of which exerts a constant action, are placed 
below different points m, n, p,q etc.; heat will be propagated in 
the solid, and that which is icipated through the surface being 
incessantly replaced by that which emanates from the sources, the 
temperature of every section of the solid will approach more and 
more to a stationary value which varies from one section to 
another. In order to express by means of equation (6) the law of 
the latter temperatures, which would exist of themselves if they 
were once established, we must suppose that the quantity v does 


not vary with respect to ¢; which annuls the term = We thus 


have the equation 


ge = AS v, whence vy = Me™ ~n/ Bs - Note xs : 
M and N being two constants’. 


1 This equation is the same as the equation for the steady temperature of a 
finite bar heated at one end (Art. 76), except that 1 here denotes the perimeter of 
a section whose area is S. In the case of the finite bar we can determine two 
relations between the constants M and N: for, if V be the temperature at the 
source, where x=0, V=M+N;; and if at the end of the bar remote from the source, 
where x= L suppose, we make a section at a distance dx from that end, the flow 


through this section is, in unit of time, —~ KS = , and this is equal to the waste 


of heat through the periphery and free end of the slice, hv (lIdx+S) namely; 
hence ultimately, dx vanishing, 
peeplay cee when «=Z, 
dx 
that is 


ae ’N is KS4Ne* inl i _ Rs Ao (ate SYNes vind Bs ®) % 


hs 
Cf. Verdet, Confércnces de Physique, p. 87. [A. F.] 
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107. Suppose a portion of the circumference of the ring, 
situated between two successive sources of heat, to be divided 
into equal parts, and denote by v, Vy Vy Vy &c., the temperatures 
at the points of division whose distances from the origin are 
L,; Lp, Z,, x, &e.; the relation between v and # will be given by 
the preceding equation, after that the two constants have been 
determined by means of the two values of »v corresponding to 


WL 
the sources of heat. Denoting by a the quantity ov aS, and 
by > the distance x,—, of two consecutive points of division, 
we shall have the equations: 


v, = Ma + Na™, 
0, = Ma .a% + Na *a™, 


v,= Maa + Na-%a™, 


whence we derive the following relation eae ah bat 
2 
We should find a similar result for the three points whose 


temperatures are v,, v,, v, and in general for any three consecutive 
points. It follows from this that if we observed the temperatures 
Vy» Vy Vy) Vy V, &C. Of several successive points, all situated between 
the same two sources m and nm and separated by a constant 
interval 2, we should perceive that any three consecutive tempe- 
ratures are always such that the sum of the two extremes divided 
by the mean gives a constant quotient a*+a™. 


108. If, in the space included between the next two sources of 
heat n and p, the temperatures of other different points separated 
by the same interval \ were observed, it would still be found that 
for any three consecutive points, the sum of the two extreme 
temperatures, divided by the mean, gives the same quotient 
ost+a*. The value of this quotient depends neither on the 
position nor on the intensity of the sources of heat. 


109. Let ¢ be this constant value, we have the equation 
5 aa (a st J 


we see by this that when the circumference is divided into equal 
parts, the temperatures at the points of division, included between 
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two consecutive sources of heat, are represented by the terms of 
a recurring series whose scale of relation is composed of two terms 
g and — 1. 

Experiments have fully confirmed this result. We have ex- 
posed a metallic ring to the permanent and simultaneous action 
of different sources of heat, and we have observed the stationary 
temperatures of several points separated by constant intervals; we 
always found that the temperatures of any three consecutive 
pvints, not separated by a source of heat, were connected by the 
relation in question. Even if the sources of heat be multiplied, 
and in whatever manner they be disposed, no change can be 
UO 


effected in the numerical value of the quotient ; 1t depends 


2 
only on the dimensions or on the nature of the ring, and not on 


the manner in which that solid is heated. 


110. When we have found, by observation, the value of the 


constant quotient g or ms, the value of «* may be derived 


from it by means of the equation a+a%=g. One of the roots- 
is a‘, and other root is a*%. This quantity being determined, 


we may derive from it the value of the ratio 7 which is 


‘ (log a), Denoting a by w, we shall have w*-—gw+1=0. Thus 
the ratio of the two conducibilities is found by multiplying = 


by the square of the hyperbolic logarithm of one of the roots of 
the equation w* — gw +1=0, and dividing the product by 0’. 


SECTION II. 
Equation of the varied movement of heat in a solid sphere. 


111. A solid homogeneous mass, of the form of a sphere, 
having been immersed for an infinite time in a medium main- 
tained at a permanent temperature 1, is then exposed to air which 
is kept at temperature 0, and displaced .with constant velocity : 


it is required to determine the successive states of the body during 
the whole time of the cooling. 
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Denote by x the distance of any point whatever from the 
centre of the sphere, and by v the temperature of the same point, 
after a time ¢ has elapsed ; and suppose, to make the problem 
more general, that the initial temperature, common to all points 
situated at the distance x from the centre, is different for different 
values of 2; which is what would have been the case if the im- 
mersion had not lasted for an infinite time. 

Points of the solid, equally distant from the centre, will not 
cease to have a common temperature ; v is thus a function of x 
and t. When we suppose t=0, it is essential that the value of 
this function should agree with the initial state which is given, 
and which is entirely arbitrary. 


112. We shall consider the instantaneous movement of heat 
in an infinitely thin shell, bounded by two spherical surfaces whose 
radii are # and «+dx: the quantity of heat which, during an 
infinitely small instant dt, crosses the lesser surface whose radius 
is 2, and so passes from that part of the solid which is nearest to 
the centre into the spherical shell, is equal to the product of four 
factors which are the conducibility K, the duration dt, the extent 

dv 


4rx* of surface, and the ratio Het taken with the negative sign ; 
a , dv 
it is expressed by — 4K7rx le dt. 


To determine the quantity.of heat which flows during the 
same instant through the second surface of the same shell, and 
passes from this shell into the part of the solid which envelops it, 
x must be changed into x+dz, inthe preceding expression: that 


is to say, to the term — 4K 7a’ a must be added the differen- 
tial of this term taken with respect to w We thus find 


— 4K nat @” dt —4Knd (a! 5°) dt 
dx dx 
as the expression of the quantity of heat which leaves the spheri- 
cal shell across its second surface; and if we subtract this quantity 
from that which enters through the first surface, we shall have 
4Krd (2 | dt. This difference is evidently the quantity of 


a 


\ 
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heat which accumulates in the intervening shell, and whose effect 
is to vary its temperature. 


113. The coefficient C denotes the quantity of heat which is 
necessary to raise, from temperature 0 to temperature 1, a definite 
unit of weight; D is the weight of unit of volume, Arav’dx is the 
volume of the intervening layer, differing from it only by a 
quantity which may be omitted: hence 47C0Da*dx is the quantity 
of heat necessary to raise the intervening shell from temperature 
0 to temperature 1. Hence it is requisite to divide the quantity 
of heat which accumulates in this shell by 47CD.r*dx, and we 
shall then find the increase of its temperature v during the time 
dt. We thus obtain the equation 


Di Gn ine 
dv _ K /d’v _ 2 dv\ 
or ere tee meee (c). 


114. The preceding equation represents the law of the move- 
ment of heat in the interior of the solid, but the temperatures of 
points in the surface are subject also to a special condition which 
must be expressed. This condition relative to the state of the 
surface may vary according to the nature of the problems dis- 
cussed: we may suppose for example, that, after having heated 
the sphere, and raised all its molecules to the temperature of 
boiling water, the cooling is effected by giving to all points in the 
surface the temperature 0, and by retaining them at this tem- 
perature by any external cause whatever. In this case we may 
imagine the sphere, whose variable state it is desired to determine, 
to be covered by a very thin envelope on which the cooling agency 
exerts its action. It may be supposed, 1°, that this infinitely 
thin envelope adheres to the solid, that it is of the same substance 
as the solid and that it forms a part of it, like the other portions 
of the mass; 2”, that all the molecules of the envelope are sub- 
jected to temperature 0 by a cause-~always in action which prevents 
the temperature from ever being above or below zero. To express 
this condition theoretically, the function v, which contains « and t, 
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must be made to become nul, when we give to x its complete 
value X equal to the radius of the sphere, whatever else the value 
of ¢ may be. We should then have, on this hypothesis, if we 


denote by $(#,t) the function of « and ¢, which expresses the 
value of v, the two equations 


du K (Z ) 


dt CD \dx** « dzx/’ eC a Lan 

Further, it is necessary that the initial state should be repre- 
sented by the same function ¢ (x,t): we shall therefore have as a 
second condition ¢ (z,0)=1. Thus the variable state of a solid 
sphere on the hypothesis which we have first described will be 
represented by a function v, which must satisfy the three preceding 
equations. The first is general, and belongs at every instant to 
all points of the mass; the second affects only the molecules at 
the surface, and the third belongs only to the initial state. 


115. If the solid is being cooled in air, the second equation is 
different; it must then be imagined that the very thin envelope 
is maintained by some external cause, in a state such as to pro- 
duce the escape from the sphere, at every instant, of a quantity of 
heat equal to that which the presence of the medium can carry 
away from it. 

Now the quantity of heat which, during an infinitely small 
instant dt, flows within the interior of the solid across the spheri- 
cal surface situate at distance a, is equal to — 4K72” us dé; and 
this general expression is applicable to all values of # Thus, by 
supposing «=X we shall ascertain the quantity of heat which in 
the variable state of the sphere would pass across the very thin 
envelope which bounds it ; on the other hand, the external surface 
of the solid having a variable temperature, which we shall denote 
by V, would permit the escape into the air of a quantity of heat, 
proportional to that temperature, and to the extent of the surface, 
which is 47-X°. The value of this quantity is 44a X°Vdt. 

To express, as is supposed, that the action of the envelope 
supplies the place, at every instant, of that which would result from 
the presence of the medium, it is sufficient to equate the quantity 


4h X2V dt to the value which the expression —4K7X” 2 dt 
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receives when we give to its complete value X; hence we obtain 


the equation e =— a, which must hold when in the functions 


se and v we put instead of w its value X, which we shall denote 
a 


by writing it in the form K oF +hV= 0. 


dv 


116. The value of 
dx 


taken when «=X, must therefore have 


a) ; 
a constant ratio —=; to the value of v, which corresponds to the 


K 
same point. Thus we shall suppose that the external cause of 
the cooling determines always the state of the very thin envelope, 


in such a manner that the value of dv which results from this 


dx 
state, is proportional to the value of 7, corresponding to 7 =X, 
and that the constant ratio of these two quantities is — a - 2th 
condition beivg fulfilled by means of some cause always present, 


which prevents the extreme value of a from being anything else 


d: 
but — oD the action of the envelope will take the place of that 
of the air. 


It is not necessary to suppose the envelope to be extremely 
thin, and it will be seen in the sequel that it may have an 
indefinite thickness. Here the thickness is considered to be 
indefinitely small, so as to fix the attention on the state of the 
surface only of the solid. 


117. Hence it follows that the three equations which are 
required to determine the function ¢ (z, t) or v are the following, 
ee (2 2 = dV 


TS CD SE os 'y Ka, thV=0, d (a, QO) = 1: 


The first applies to all possible values of a and ¢; the second 
is satisfied when «=X, whatever be the value of t¢; and the 
third is satisfied when t= 0, whatever be the value of z. 
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It might be supposed that in the initial state all the spherical 
layers have not the same temperature: which is what would 
necessarily happen, if the immersion were imagined not to have 
lasted for an indefinite time. In this case, which is more general 
than the foregoing, the given function, which expresses the 
initial temperature of the molecules situated at distance x from 
the centre of the sphere, will be represented by F(x); the third 
equation will then be replaced by the following, ¢ (x, 0) = F(z). 

Nothing more remains than a purely analytical problem, 
whose solution will be given in one of the following chapters. 
It consists in finding the vaJue of v, by means of the general 
condition, and the two special conditions to which it is subject. 


SECTION III. 
Equations of the varied movement of heat in a solid cylinder. 


118. A solid cylinder of infinite length, whose side is per- 
pendicular to its circular base, having been wholly immersed 
in a liquid whose temperature is uniform, has been gradually 
heated, in such a manner that all points equally distant from 
the axis have acquired the same temperature; it is then exposed 
to a current of colder air; it is required to determine the 
temperatures of the different layers, after a given time. 

ax denotes the radius of a cylindrical surface, all of whose 
points are equally distant from the axis; X is the radius of 
the cylinder; v is the temperature which points of the solid, 
situated at distance x from the axis, must have after the lapse 
of a time denoted by ¢, since the beginning of the cooling. 
Thus v is-a function of x and ¢, and if in it t be made equal to 
0, the function of x which arises from this must necessarily satisfy 
the initial state, which is arbitrary. . 


119. Consider the movement of heat in an infinitely thin 
portion of the cylinder, included between the surface whose 
radius is x, and that whose radius is e+da. The quantity of 
heat which this portion receives during the instant dt, from the 
part of the solid which it envelops, that is to say, the quantity 
which during the same time crosses the cylindrical surface 


\- 
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whose radius is 2, and whose length is supposed to be equal 
to unity, is expressed by 
- Byers dt. 
da 

To find the quantity of heat which, crossing the second surface. 
whose radius is «+dz, passes from the infinitely thin shell into 
the part of the solid which envelops it, we must, in the foregoing 
expression, change a into #+dz, or, which is, the same thing, 
add to the term 

—2Khra dy dt, 
da 
the differential of this term, taken with respect to x. Hence 
the difference of the heat received and the heat lost, or the 
quantity of heat which accumulating in the infinitely thin shell 
determines the changes of temperature, is the same differential 
taken with the opposite sign, or 
dv 
2Km.dt.d(at); 

on the other hand, the volume of this intervening shell is 27rzxdz, 
and 2CDradx expresses the quantity of heat required to raise 
it from the temperature 0 to the temperature 1, C being the 
specific heat, and D the density. Hence the quotient 


eer. a(x”) 
da 


2CDrradaz 


is the increment which the temperature receives during the 
instant dt. Whence we obtain the equation 


dv _ K /d’v a) 
dt = op (ae x dx] * 


120. The quantity of heat which, during the instant dé, 
crosses the cylindrical surface whose radius is #, being expressed 
, d 
in general by 2Kme = dt, we shall find that quantity which 
escapes during the same time from the surface of the solid, by 
making «=X in the foregoing value; on the other hand, the 
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same quantity, dispersed into the air, is, by the principle of the 
communication of heat, equal to 27Xhedt; we must therefore 


have at the surface the definite equation — 2 he. The 


nature of these equations is explained at greater length, either 
in the articles which refer to the sphere, or in those wherein the 
general equations have been given for a body of any form what- 
ever. The function v which represents the movement of heat in 
an infinite cylinder must therefore satisfy, 1st, the general equa- 


weedy, K) /d’o> 1 de : : : 
tion = CD ae - =) , Which applies whatever x and ¢ may 
be; 2nd, the definite equation v+ _ = 0, which is ie whatever 


the variable t may be, when x= X; 3rd, the definite equation 
v=F (x). The last condition must be satisfied by all values 
of v, when ¢ is made equal to 0, whatever the variable « may 
be. The arbitrary function /'(@) is supposed to be known; it 
corresponds to the initial state. 


SECTION IV. 


Equations of the uniform movement of heat i a solid prism 
of injinite length. 

121. A prismatic bar is immersed at one extremity in a 
constant source of heat which maintains that extremity at the 
temperature A; the rest of the bar, whose length is infinite, 
continues to be exposed to a uniform current of atmospheric air 
maintained at temperature 0; it is required to determine the 
highest temperature which a given point of the bar can acquire. 

The problem differs from that of Article 73, since we now 
take into consideration all the dimensions of the solid, which is 
necessary in order to obtain an exact solution. 

We are led, indeed, to suppose that in a bar of very small 
thickness all points of the same section would acquire sensibly 
equal temperatures; but some uncertainty may rest on the 
results of this hypothesis. It is therefore preferable to solve the 
problem rigorously, and then to examine, by analysis, up to what 
point, and in what cases, we are justified in considering the 
temperatures of different points of the same section to be equal. 


F. 7 
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122, The section made at right angles to the length of the 
bar, is a square whose side is 2/, the axis of the bar is the axis 
of «, and the origin is at the extremity A. The three rectangular 
co-ordinates of a point of the bar are a, y, z, and v denotes the 
fixed temperature at the same point. 

The problem consists in determining the temperatures which 
must be assigned to different points of the bar, in order that 
they may continue to exist without any change, so long as the 
extreme surface A, which communicates with the source of heat, 
remains subject, at all its points, to the permanent tempera- 
ture A; thus v is a function of a, y, and z. 


123. Consider the movement of heat in a prismatic molecule, 
enclosed between six planes perpendicular to the three axes 
of x,y, and z. The first three planes pass through the point m 
whose co-ordinates are x, y, z, and the others pass through the 
point m’ whose co-ordinates are + dx, y+dy, z+ dz. 

To find what quantity of heat enters the molecule during 
unit of time across the first plane passing through the point m 
and perpendicular to , we must remember that the extent of the 
surface of the molecule on this plane is dydz, and that the flow 
across this area is, according to the theorem of Article 98, equal 


d : 
to —K a ; thus the molectile receives across the rectangle dydz 
passing through the point m a quantity of heat expressed by 
, d ; 
— K dydz = . To find the quantity of heat which crosses the 


opposite face, and escapes from the molecule, we must substitute, 
in the preceding expression, «+da for a, or, which is the same 
thing, add to this expression its differential taken with respect 
to x only; whence we conclude that the molecule loses, at its 
second face perpendicular to x, a quantity of heat equal to 
dv dv 

— Kdyde7 —K dydad (P ve 
we must therefore subtract this from that which enters at the 
opposite face; the differences of these two eae is 


K dyded (3), on, Kdedyde 9 > 
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this expresses the quantity of heat accumulated in the molecule 
in consequence of the propagation in direction of x; which ac- 
cumulated heat would make the temperature of the molecule 
vary, if it were not balanced by that which is lost in some other 
direction. 

It is found in the same manner that a quantity of heat equal 
to —K dedx enters the molecule across the plane passing 

| 

through the point m perpendicular to y, and that the quantity 
wide escapes at the Eee face is 


dv 
Ejig hie 7 an adat (=) ; 


the last differential being. taken with respect to y only. Hence 
the difference of the two quantities, or Kéudyde ys 2 expresses 


the quantity of heat which the molecule acquires, in consequence 
of the propagation in direction of y. 

Lastly, it is proved in the same manner that the molecule 
acquires, in consequence of the propagation in direction of z, 


2. 
@ quantity of heat equal to K dx dy dz ay, Now, in order that 


there may be no change of temperature, it is necessary for the 
molecule to retain as much heat as it contained at first, so that 
the heat it acquires in one direction must balance that which it 
loses in another. Hence the sum of the three quantities of heat 
acquired must be nothing; thus we form the equation 


ed eget d’v 
ax dye dz 


124, It remains now to express the conditions relative to the 
surface. If we suppose the point m to belong to one of the faces 
of the prismatic bar, and the face to be perpendicular to z, we 
see that the rectangle dzdy, during unit of time, permits a 
quantity of heat equal to Vh dx dy to escape into the air, 
V denoting the temperature of the point m of the surface, namely 
what ¢ (a, y, z) the function sought becomes when z is made 
equal to J, half the dimension of the prism. On the other hand, 
the quantity of heat which, by virtue of the action of the 
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molecules, during unit of time, traverses an infinitely small surface 
w, situated within the prism, perpendicular to z, is equal to 


—-K — according to the theorems quoted above. This ex- 
z 


pression is general, and applying it to points for which the co- 
ordinate z has its complete value J, we conclude from it that the 
quantity of heat which traverses the rectangle dx dy taken at the 


: ae ie 
surface is — K dx dy, giving to z in the function Ss its com- 


plete value J. Hence the two quantities —Kdx dy &, and 


h dz dy v, must be equal, in order that the action of the molecules 
may agree with that of the medium. This equality must also 


‘ ; eee Pane As 
exist when we give to z in the functions “” and v the value — J, 


dz 
which it has at the face opposite to that first considered.. Further, 
the quantity of heat which crosses an infinitely small surface o, 
dv 
de 
that which flows across a rectangle dzdz taken on a face of the 


perpendicular to the axis of y, being —Kw—, it follows that 


prism perpendicular to y is —-Kdz dae giving to y in the 


function 7 its complete value 1. Now this rectangle dz dz 
permits a quantity of heat expressed by hudw dy to escape into 


dv 


the air; the equation hy=—K a becomes therefore necessary, 


when y is made equal to 7 or —1 in the functions v and i 
125. The value of the function » must by hypothesis be 
equal to A, when we suppose «=0, whatever be the values of 
y and z. Thus the required function v is determined by the 
following conditions: 1st, for all values of a, y, 2, it satisfies the 
general equation 
du dv du. 
da? t dy? + ae 


0; 


2nd, it satisfies the equation Ret geno, when y is equal to 


SECT. V.] VARIED MOVEMENT IN A CUBE. 101 


1 or —J, whatever 2 and z may be, or satisfies the equation 
Ue 

K vt =0, when z is equal to 7 or —J, whatever x and 2 y may 
be; 8rd, it satisfies the equation v=A, when «=0, whatever 
y and z may be. 


SECTION: V. 
Equations of the varied movement of heat in a solid cube. 


126. A solid in the form of a cube, all of whose points have 
acquired the same temperature, is placed in a uniform current of 
atmospheric air, maintained at temperature 0. It is required to 
determine the successive states of the body during the whole 
time of the cooling. 

The centre of the cube is taken as the origin of rectangular 
coordinates; the three perpendiculars dropped from this point on 
the faces, are the axes of a, y, and z; 2/ is the side of the cube, 
v is the temperature to which a point whose coordinates are 
x, y, 2, is lowered after the time ¢ has elapsed since the com- 
mencement of the cooling: the problem consists in determining 
the function v, which depends on a, y, 2 and ¢. 


127. To form the general equation which v must satisfy, 
we must ascertain what change of temperature an infinitely 
small portion of the solid must experience during the instant 
dt, by virtue of the action of the molecules which are extremely 
near to it. We consider then a prismatic molecule enclosed 
between six planes at right angles; the first three pass through 
the point m, whose co-ordinates are a, y, z, and the three others, 
through the point m’, whose co-ordinates are 

x+dzx, y+dy,:2+ dz. 

The quantity of heat which during the instant dt passes into 

the molecule across the first rectangle dydz perpendicular to 2, 


is —Kdy de® dt, and that which escapes in the same time from 
ae 


the molecule, through the opposite face, is found by writing 
«+ da in place of # in the preceding expression, it is 


~ Kdy de (3°) ae Kdyaea(? 2) at 
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the differential being taken with respect to x only. The quantity 
of heat which during the instant dé enters the molecule, across 
the first rectangle dzdw perpendicular to the axis of y, is 
-K dade dt and that which escapes from the molecule during 
the same instant, Be the opposite face, is 


Kidz da Gjut-Kdeded (=) dt, 


the differential being taken with respect to yonly. The quantity 
of heat which the molecule receives during the instant dt, through 


its lower face, perpendicular to the axis of z, is —-Kdzx dy © dt, 
and that which it loses through the opposite face is 


~KdedyS? dt-Kdedya($ ) at 


the differential being taken with respect to 2 only. 

The sum of all the quantities of heat which escape from the 
molecule must now be deducted from the sum of the quantities 
which it receives, and the difference is that which determines its 
increase of temperature during the instant: this difference is 


Kdyded (F +) di+ Kde dea ( j) dee Kadedya (7 2) a, 


or K dx dy dz 


d 
(Tat aet ott ae 


128. Ifthe quantity which has just been found be divided by 
that which is necessary to raise the molecule from the temperature 
0 to the temperature 1, the increase of temperature which is 
effected during the instant dé will become known. Now, the 
latter quantity is CDdxdydz: for C denotes the capacity of 
the substance for heat; D its density, and dxdydz the volume 
of the molecule. The movement of heat in the interior of the 
solid is therefore expressed by the equation 


dv K /(dv dv a) 
dt = on = dy® * dz 
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129. It remains to form the equations which relate to the 
state of the surface, which presents no difficulty, in accordance 
with the principles which we have established. In fact, the 
quantity of heat which, during the instant dt, crosses the rectangle 
dz dy, traced on a plane perpendicular to x, is — K dy dz & dt. 
This result, which applies to all points of the solid, ought to hold 
when the value of « is equal to J, half the thickness of the prism. 
In this case, the rectangle dy dz being situated at the surface, the 
quantity of heat which crosses it, and is dispersed into the air 
during the instant dt, is expressed by hu dy dz dt, we ought there- 
fore to have, when «=1, the equation hy=—K a This con- 
dition must also be satisfied when « = —1. 

It will be found also that, the quantity of heat which crosses 
the rectangle dz dx situated on a plane perpendicular to the axis 


of y being in general — K dz dz de and that which escapes at the - 


dz’ 
surface into the air across the same rectangle being hudz dz dt, 
we must have the equation hy + KT =0, when y=l or—l. 
Lastly, we obtain in like manner the definite equation 
ku+ K 2 =(), 
dz 


which is satisfied when z=1 or — 1, 


130. The function sought, which expresses the varied move- 
ment of heat in the interior of a solid of cubic form, must therefore 
be determined by the following conditions ; 


Ist. It satisfies the general equation 


dv K (3 d*v a 


. 


dt O.D\datt dy * dz)? 
2nd. It satisfies the three definite equations 
dv dv dv 
>= = K-=.=0, 
hu+ Ke, 0, hv rey 0, hu + aE 


which hold when r= +41, y= 41, z=41; 
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3rd. If in the function v which contains z, y, 2, t, we make 
t=, whatever be the values of x, y, and z, we ought to have, 
according to hypothesis, »=-A, which is the initial and common 
value of the temperature. 


131. The equation arrived at in the preceding problem 
represents the movement of heat in the interior of all solids. 
Whatever, in fact, the form of the body may be, it is evident that, 
by decomposing it into prismatic molecules, we shall obtain this 
result. We may therefore limit ourselves to demonstrating in 
this manner the equation of the propagation of heat. But in 
order to make the exhibition of principles more complete, and 
that we may collect into a small number of consecutive articles 
the theorems which serve to establish the general equation of the 
propagation of heat in the interior of solids, and the equations 
which relate to the state of the surface, we shall proceed, in the 
two following sections, 19 the investigation of these equations, 
independently of any particular problem, and without reverting 
to the elementary propositions which we have explained in the 
introduction. 


SECTION VI. 
General equation of the propagation of heat in the interior of solids. 


132. THrorreMm I. Jf the different points of a homogeneous 
solid mass, enclosed between six planes at right angles, have actual 
temperatures determined by the linear equation 


v=A—ax — by — cZ,...... (a), 


and uf the molecules situated at the external surface on the sia 
planes which bound the prism are maintained, by any cause what- 
ever, at the temperature expressed by the equation (a): all the 
molecules situated in the interior of the mass will of themselves 
retain ther actual temperatures, so that there will be no change in 
the state of the prisin. 

» denotes the actual temperature of the point whose co- 
ordinates are a, y, 2; A, a, b, c, are constant coefficients. 

To prove this proposition, consider in the solid any three 
poimts whatever mJ/u, situated on the same straight line mp, 
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which the point M divides intu two equal parts; denote by 
x, y, 2 the co-ordinates of the point M, and its temperature by 
v, the co-ordinates of the point uw by x+a, y+, z+y, and its 
temperature by w, the co-ordinates of the point m by x-a, y— 8, 
z—v, and its temperature by u, we shall have 


v= A —ax—by—cz, 
w=A-—a(ax#+a)—b(y+P)-e(z+y), 
w= A -a(e—a)—b (y—8)—c(e-9), 
whence we conclude that, 
v—w=ar1+b8+4+cy, and Ee ad Seo 
therefore v—-w=u-v. 


Now the quantity of heat which one point receives from 
another depends on the distance between the two points and 
on the difference of their temperatures. Hence the action of 
the point M on the point pw is equal to the action of m on M; 
thus the point M receives as much heat from m as it gives up 
to the point p. 

We obtain the same result, whatever be the direction and 
magnitude of the line which passes through the point M, and 
is divided into two equal parts. Hence it is impossible for this 
point to change its temperature, for it receives from all parts 
as much heat as it gives up. 

The same reasoning applies to all other points; hence no 
change can happen in the state of the solid. 


133. Coro~Lary I. A solid being enclosed between two 
infinite: parallel planes A and JB, if the actual temperature of 
its different points is supposed to be expressed by the equation 
»=1-—z, and the two planes which bound it are maintained 
by any cause whatever, A at the temperature 1, and B at the 
temperature 0; this particular case will then be included in 
the preceding lemma, if we make A =1, a=0, b=0,c=1. 


134. Corotiary II. If in the interior of the same solid 
we imagine a plane M parallel to those which bound it, we see 
that a certain quantity of heat flows across vis plane during 
unit of time; for two very near points, such as m and 2, one 
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of which is below the plane and the other above it, are unequally 
heated ; the first, whose temperature is highest, must therefore 
send to the second, during each instant, a certain quantity of heat 
which, in some cases, may be very small, and even insensible, 
according to the nature of the body and the distance of the two 
molecules. 

The same is true for any two other points whatever separated 
by the plane. That which is most heated sends to the other 
a certain quantity of heat, and the sum of these partial actions, 
or of all the quantities of heat sent across the plane, composes 
a continual flow whose value does not change, since all the 
molecules preserve their temperatures. It is easy to prove that 
this flow, or the quantity of heat which crosses the plane M during 
the unit of time, is equivalent to that which crosses, during the same 
time, another plane N parallel to the first. In fact, the part of 
the mass which is enclosed between the two surfaces M and 
N will receive continually, across the plane Jf, as much heat 
as it loses across the plane N. If the quantity of heat, which 
in passing the plane MZ enters the part of the mass which is 
considered, were not equal to that which escapes by the opposite 
surface NV, the solid enclosed between the two surfaces would 
acquire fresh heat, or would lose a part of that which it has, 
and its temperatures would not be constant; which is contrary to 
the preceding lemma. 


135. The measure of the specific conducibility of a given 
substance is taken to be the quantity of heat which, in an infinite 
solid, formed of this substance, and enclosed between two parallel 
planes, flows during unit of time across unit of surface, taken 
on any intermediate plane whatever, parallel to the external 
planes, the distance between which is equal to unit of length, 
one of them being maintained at temperature 1, and the other 
.at temperature 0. This constant flow of the heat which crosses 
the whole extent of the prism is denoted by the coefficient K, 
and is the measure of the conducibility. 


136. Lemma. If we suppose ull the temperatures of the solid in 
question under the preceding article, to be multiplied by any number 
whatever g, so that the equation of temperatures is v= g— gz, 
instead of being v=1—2z, and if the two external planes are main- 
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tained, one at the temperature g, and the other at temperature 0, 
the constant flow of heat, in this second hypothesis, or the quantity 
which during unit of time crosses unit of surface taken on an 
intermediate plane parallel to the bases, is equal to the product 
of the first flow multiplied by g. 

In fact, since all the temperatures have been increased in 
the ratio of 1 to g, the differences of the temperatures of any 
two points whatever m and yp, are increased in the same ratio. 
Hence, according to the principle of the communication of heat, 
in order to ascertain the quantity of heat which m sends to pu 
on the second hypothesis, we must multiply by g the quantity 
which the same point m sends to w on the first hypothesis. 
The same would be true for any two other points whatever. 
Now, the quantity of heat which crosses a plane M results from 
the sum of all the actions which the points m, m’, m”, m’, etc., 
situated on the same side of the plane, exert on the points yp, 
yw’, mw’, w, etc. situated on the other side. Hence, if in the first 
hypothesis the constant flow is denoted by K, it will be equal to 
gK, when we have multiplied all the temperatures by g. 


137. THeorEeM II. Ina prism whose constant temperatures 
are expressed by the equation v= A—ax—by-cz, and which 
is bounded by six planes at right angles all of whose points are 
maintained at constant temperatures determined by the preceding 
equation, the quantity of heat which, during unit of time, crosses 
unit of surface taken on any intermediate plane whatever perpen- 
dicular to z, 1s the same as the constant flow in a solid of the 
same substance would be, tf enclosed between two infinite parallel 
planes, and for which the equation of constant temperatures vs 
vV=c—Cz. 

To prove this, let us consider in the prism, and also in the 
infinite solid, two extremely near points m and p, separated 


Fig. 4. 


f 
nm Ah 


by the plane M perpendicular to the axis of 2; yw being above 
the plane, and m below it (see fig. 4), and above the samc plane 
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let us take a point m such that the perpendicular dropped from 
the point » on the plane may also be perpendicular to the 
distance mm’ at-its middle point h. Denote by a, y, z2+h, the 
co-ordinates of the point uw, whose temperature is w, by x—a, y— Bs 
z, the co-ordinates of m, whose temperature is v, and by x+a, 
y + 8, 2, the co-ordinates of m’, whose temperature is v’. 

The action of m on p, or the quantity of heat which m sends 
to w during a certain time, may be expressed by g(v—w). The 
factor g depends on the distance mp, and on the nature of the 
mass. The action of m’ on yw will therefore be expressed by 
q(v—w); and the factor q is the same as in the preceding 
expression; hence the sum of the two actions of m on yw, and 
of m' on p, or the quantity of heat which w receives from m and 
from m’, is expressed by 


q(v-wt+u —w). 
Now, if the points m, u, m’ belong to the prism, we have 
w= A—axz—by—c(2 +h), vx=A-—a(x—a)—b (y—B)—-cz, 
and v=A-—a(x+a)—b (y+ 8) -cz; 


and if the same points belonged to an infinite solid, we should 
have, by hypothesis, 


w=ce—c(z+h), v=c—cz, and v' =c—cz. 
Tn the first case, we find 
g(v—w+v' —w) = 2qch, 


and, in the second case, we still have the same result. Hence 
the quantity of heat which w receives from m and from m’ on 
the first hypothesis, when the equation of constant temperatures 
is v= A —ax—by-—cz, is equivalent to the quantity of heat 
which » receives from m and from m’ when the equation of 
constant temperatures is v=c— cz. 

The same conclusion might be drawn with respect to any three 
other points whatever m’, yw’, m”, provided that the second p’ be 
placed at equal distances from the other two, and the altitude of 
the isosceles triangle m’ yu’ m” be parallel to z. Now, the quantity 
of heat which crosses any plane whatever M, results from the sum 
of the actions which all the points m, m’, m”, m’” etc., situated on 
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one side of this plane, exert on all the points p, py’, w”, w’”, etc 
situated on the other side: hence the constant flow, which, during 
unit of time, crosses a definite part of the plane Min the infinite 
solid, is equal to the quantity of heat which flows in the same time 
across the same portion of the plane J in the prism, all of whose 
temperatures are expressed by the equation 


v= A —ax—by-cz. 


138. CoRoLLARY. The flow has the value cK in the infinite 
solid, when the part of the plane which it crosses has unit of 
surface. In the prism also tt has the same value cK or ae 

; Z 
It is proved in the same manner, that the constant flow which takes 
place, during unit of time, in the same prism across unit of surface, 


on any plane whatever perpendicular to y, is equal to 


bK or —K hy : 
dy 
and that which crosses a plane perpendicular to x has the value 
dv 
aK or —K qo: 


139. The propositions which we have proved in the preceding 
articles apply also to the case in which the instantaneous action of 
a molecule is exerted in the interior of the mass up to an appre- 
ciable distance. In this case, we must suppose that the cause 
which maintains the external layers of the body in the state 
expressed by the linear equation, affects the mass up to a finite 
depth. All observation concurs to prove that in solids and liquids 
the distance in question is extremely small. 


140. THeroremM III. If the temperatures at the points of a 
‘golid are expressed by the equation v=/f (a, y, 2, t), in which 
x, y, 2 are the co-ordinates of a molecule whose temperature is 
equal to v after the lapse of a time ¢; the flow of heat which 
crosses part of a plane traced in the solid, perpendicular to one of 
the three axes, is no longer constant; its value is different for 
different parts of the plane, and it varies also with the time. This 
variable quantity may be determined by analysis. 


\ 
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Let w be an infinitely small circle whose centre coincides with 
the point m of the solid, and whose plane is perpendicular to the 
vertical co-ordinate 2; during the instant dé there will flow across 
this circle a certain quantity of heat which will pass from the 
part of the circle below the plane of the circle into the upper 
part. This flow is composed of all the rays of heat which depart 
from a lower point and arrive at an upper point, by crossing 
a point of the small surface ». We proceed to shew that the 


: ; d 
expression of the value of the flow is —K c wdt. 


Let us denote by 2’, y’, 2’ the coordinates of the point m whose 
temperature is v'; end suppose all the other molecules to be 
referred to this point m chosen as the origin of new axes parallel 
to the former axes: let & 7, & be the three co-ordinates of a point 
referred to the origin m; in order to express the actual temperature 
w of a molecule infinitely near to m, we shall have the linear 
equation 


esata 
y dy’ dv 


a a ae are the values which are found 


by substituting in the functions 2, a a a for the variables 


The coefficients v’, os 


x, y 2, the constant quantities 2’, y’, 2’, which measure the dis- 
tances of the point m from the first three axes of a, y, and z. 


Suppose now that the point m is also an internal molecule of 
a rectangular prism, enclosed between six planes perpendicular to 
the three axes whose origin is m; that w the actual temperature of 
each molecule of this prism, whose dimensions are finite, is ex- 
pressed by the linear equation w= A + a&+6n+ cf, and that the 
six faces which bound the prism are maintained at the fixed tem- 
peratures which the last equation assigns to them. The state of 
the internal molecules will also be permanent, and a quantity of 
heat measured by the expression —Acwdt will flow during the 
instant dt across the circle a. 


This arranged, if we take as the values of the constants 
, dy dv dv 


A, a, b, c, the quantities v’, dads a 


, the fixed state of the 
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prism will be expressed by the equation 


dv’ 
dz S. 

Thus the molecules infinitely near to the point m will have, 
during the instant dé, the same actual temperature in the solid 
whose state is variable, and in the prism whose state is constant. 
Hence the flow which exists at the point m, during the instant dt, 
across the infinitely small circle w, is the same in either solid; it 
is therefore expressed by —-K Ea walt, 

From this we derive the following proposition 

If in a solid whose internal temperatures vary with the time, by 
virtue of the action of the molecules, we trace any straight line what- 
ever, and erect (see fig. 5), at the different points of this line, the 
ordinates pm of a plane curve equal to the temperatures of these 
points taken at the same moment; the flow of heat, at each point p 
of the straight line, will be proportional to the tangent of the angle 
a which the element of the curve makes with the parallel to the 
abscisse ; that is to say, if at the point p we place the centre of an 


br ote: ar 
od Es ee ry 


Fig. 5. 


infinitely small circle w perpendicular to the line, the quantity of 
heat which has flowed during the instant dé, across this circle, in 
the. direction in which the abscissa op increase, will be measured 
by the product of four factors, which are, the tangent of the angle 
a, a constant coefficient K, the area w of the circle, and the dura- 
tion dé¢ of the instant. 


141. Coroittary. If we represent by ¢ the abscissa of this 
curve or the distance of a point p of the straight line from a 
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fixed point o, and by v the ordinate which represents the tem- 
perature of the point p, v will vary with the distance ¢ and 
will be a certain function f(e) of that distance; the quantity 
of heat which would flow across the circle , placed at the 
dv 


de 


point p perpendicular to the line, will be —K + wdt, or 


— Kf’ (e) wdt, 


denoting the function yee by f (e). 


We may express this result in the following manner, which 
facilitates its application. 

To obtain the actual flow of heat at a point p of a straight 
line drawn in a solid, whose temperatures vary by action of the 
molecules, we must divide the difference of the temperatures at 
two points infinitely near to the point p by the distance between 
these points. The flow is proportional to the quotient. 


142. THrorEM IV. From the preceding Theorems it is 
easy to deduce the general equations of the propagation of heat. 
Suppose the different points of a homogeneous solid of any 
form whatever, to have received initial temperatures which vary 
successively by the effect of the mutual action of the molecules, 
and suppose the equation v =f (x, y, 2, t) to represent the successive 
states of the solid, it may now be shewn that v a function of four 
variables necessarily satisfies the equation 
dv Aye de wey 
dt CD te # dy® . = : 


In fact, let us consider the movement of heat in a molecule 
enclosed between six planes at right angles to the axes of a, y, 
and z; the first three of these planes pass through the point 
m whose coordinates are #, y, 2, the other three pass through 
the point m’, whose coordinates are «+daz, y + dy, z+ dz. 

During the instant dé, the molecule receives, across the 
lower rectangle daxdy, which passes through the point m, a 
quantity of heat equal to — K dx dy © dt. To obtain the quantity 
which escapes from the molecule by the opposite face, it is 


sufficient to change z into z+dz in the preceding expression, 
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that is to say, to add to this expression its own differential taken 
with respect to z only; we then have 


dv 
Wee, dv = (5) 
= Us dt -—Kdxdy—— coral dz dt 
as the value of the quantity which escapes across the upper 
rectangle. The same molecule receives also across the first 
rectangle dzdz which passes through the point m, a quantity 


of heat equal to —-K Gye dade; and if we add to this ex- 


pression its own differential taken with respect to y only, we 
find that the quantity which escapes across the opposite face 
dz dz is expressed by 


dv 
-dv o (=) 
—K Cee x dt — taro as ee ak 


Lastly, the molecule receives through the first rectangle dy dz 


a quantity of heat equal to —-K a dy dz dt, and that which it 


loses across the opposite rectangle which passes through m’ is 
expressed by 


dv 
dv oe 
a iS es dy dzdt —E aE: dc dy dz dt. 


We must now take the sum of the quantities of heat which 
the molecule receives and subtract from it the sum of those 
which it loses. Hence it appears that during the instant dt, 
a total quantity of heat equal to 


K (G+ a’ ae d’y 

dec * dy at 

accumulates in the interior of the molecule. It remains only 

to obtain the increase of temperature which must result from 
this addition of heat. 

D being the density of the solid, or the weight of unit of 
volume, and C the specific capacity, or the quantity of heat 
which raises the unit of weight from the temperature 0 to the 
temperature 1; the product CDdadydz expresses the quantity 

F, H. 


:) dee dy de dt 
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of heat required to raise from 0 to 1 the molecule whose volume 
is dx dydz. Hence dividing by this product the quantity of 
heat which the molecule has just acquired, we shall have its 
increase of temperature. Thus we obtain the general equation 


dv K (du adv dv 
a ~ op get apt a) A Pe (Ay: 


which is the equation of the propagation of heat in the interior 
of all solid bodies. 


143. Independently of this equation the system of tempera- 
tures is often subject to several definite conditions, of which no 
general expression can be given, since they depend on the nature 
of the problem. 

If the dimensions of the mass in which heat is propagated are 
finite, and if the surface is maintained by some special cause in a 
given state; for example, if all its points retain, by virtue of that 
cause, the constant temperature 0, we shall have, denoting the 
unknown function v by ¢ (a, y, 2, t), the equation of condition 
$ (x, y, 2,t)=0; which must be satisfied by all values of a, y, z 
which belong to points of the external surface, whatever be the 
value of ¢. Further, if we suppose the initial temperatures of the 
body to be expressed by the known function F(a, y, z), we have 
also the equation ¢ (a, y, 2, 0) =F (a, y, z); the condition ex- 
pressed by this equation must be fulfilled by all values of the 
co-ordinates «x, y, 2 which belong to any point whatever of the 
solid. 


144, Instead of submitting the surface of the body to a con- 
stant temperature, we may suppose the temperature not to -be 
the same at different points of the surface, and that it varies with 
the time according to a given law; which is what takes place in 
the problem of terrestrial temperature. In this case the equation 
relative to the surface contains the variable ¢. 


145. In order to examine by itself, and from a very general 
point of view, the problem of the propagation of heat, the solid 
whose initial state is given must be supposed to have all its 
dimensions infinite; no special condition disturbs then the dif- 
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fusion of heat, and the law to which this principle“is submitted 
becomes more manifest ; it is expressed by the general equation 


dv _ K sd’v ov dv* 
dt CD ie dy t 4, , 


to which must be added that which relates to the initial arbitrary 
state of the solid. 

Suppose the initial temperature of a molecule, whose co- 
ordinates are a, y, 2, to be a known function F(a, y, z), and denote 
the unknown value v by ¢ (a, y, z, t), we shall have the definite 
equation ¢ (a, y, 2, 0) =F (x, y, z); thus the problern is reduced to 
the integration of the general equation (A) in such a manner that 
it may agree, when the time is zero, with the equation which con- 
tains the arbitrary function F 


SECTION VII. 
General equation relative to the surface. 


146. If the solid has a definite form, and if its original heat 
is dispersed gradually into atmospheric air maintained at a con- 
stant temperature, a third condition relative to the state of the 
surface must be added to the general equation (A) and to that 
which represents the initial state. 

We proceed to examine, in the following articles, the nature of 
the equation which expresses this third condition. 

Consider the variable state of a solid whose heat is dispersed 
into air, maintained at the fixed temperature 0. Let w be an 
infinitely small part of the external surface, and p a point of o, 
through which a normal to the surface is drawn; different points 
of this line have at the same instant different temperatures. 

Let v be the actual temperature of the point p, taken at a 
definite instant, and w the corresponding temperature of a point v 
of the solid taken on the normal, and distant from mw by an in- 
finitely small quantity a Denote by a, y, z the co-ordinates of 
the point », and those of the point v by +62, y+dy, 2+62; 
let f(a, y, 2) =0 be the known equation to the surface of the solid, 
and v= ¢ (za, y, 4, #) the general equation which ought to give the 

g—2 
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value of v as a function of the four variables «, y, 2, ¢. Differen- 
tiating the equation f(a, y, z) =0, we shall have 


mdx + ndy + pdz=0; 


m, n, p being functions of a, y, z 

It follows from the corollary enunciated in Article 141, that 
the flow in direction of the normal, or the quantity of heat which 
during the instant dt would cross the surface , if it were placed 
at any point whatever of this line, at right angles to its direction, 
is proportional to the quotient which is obtained by dividing the 
difference of temperature of two points infinitely near by their 
distance. Hence the expression for the flow at the end of the 
normal is 


a 


K denoting the specific conducibility of the mass. On the other 
hand, the surface » permits a quantity of heat to escape into the 
air, during the time dt, equal to hywdt ; h being the conducibility 
relative to atmospheric air. Thus the flow of heat at the end of 
the normal has two different expressions, that is to say : 


heodtanden Ke 


wdt ; 


hence these two quantities are equal; and it is by the expression 


of this equality that the condition relative to the surface is in- 
troduced into the analysis. 


147. We have 


dy dv dv 
Spee 
=vt+dv= y+ ET yt a 5z. 


Now, it follows from the principles of geometry, that the co- 
ordinates dx, dy, dz, which fix the position of the point v of the 
normal relative to the point yu, satisfy the following conditions : 


psx = mdz, poy = nbz. 
We have therefore 
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we have also 


a= /dx° + dy? +82 =F (n +n? +p)? bz, 


or an 7 82, denoting by q the quantity (m? +n? + py, 
w—v du dv __dv\l 
mene a =(maetn +p a) a} 
consequently the equation 
howdt =~ k ("=") ad 


becomes the following’: 


This equation is definite and applies only to points at the 
surface ; itis that which must be added to the general equation of | 
the propagation of heat (A), and to the condition which deter- 
mines the initial state of the solid; m, n, p, g, are known functions 
of the co-ordinates of the points on the surface. 


148. The equation (B) signifies in general that the decrease of 
the temperature, in the direction of the normal, at the boundary of 
the solid, is such that the quantity of heat which tends to escape 
by virtue of the action of the molecules, is equivalent always to 
that which the body must lose in the medium. 

The mass of the solid might be imagined to be prolonged, 
in such a manner that the surface, instead of being exposed to the 
air, belonged at the same time to the body which it bounds, and 
to the mass of a solid envelope which contained it. If, on this 
hypothesis, any cause whatever regulated at every instant the 
decrease of the temperatures in the solid envelope, and determined 
it in such a manner that the condition expressed by the equation 
(B) was always satisfied, the action of the envelope would take the 


1 Let NV be the normal, 


the rest as in the text. [R. L. E.] 
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place of that of the air, and the movement of heat would be the 
same in either case: we can suppose then that this cause exists, 
and determine on this hypothesis the variable state of the solid ; 
which is what is done in the employment of the two equations 
(A) and (B). 

By this it is seen how the interruption of the mass and the 
action of the medium, disturb the diffusion of heat by submitting 
it to an accidental condition. 


149. We may also consider the equation (B), which relates 
to the state of the surface under another point of view: but we 
must first derive a remarkable consequence from Theorem III. 
(Art. 140). We retain the construction referred to in the corollary 
of the same theorem (Art. 141). Let a, y, 2 be the co-ordinates 
of the point p, and ; 


a+6x, yt+dy, 2462 


those of a point g infinitely near to p, and taken on the straight 
line in question: if we denote by v and w the temperatures of the 
two points p and q taken at the same instant, we have 

dv dv du 


w=v+ du=v+ dee cada de 
hence the quotient 


du dv && dv dy . dv & 4022 eee 
Se da de da be de 3e> and Se = /8x7 + Sy + 2 ; 


thus the quantity of heat which flows across the surface w placed 
at the point m, perpendicular to the straight line, is 


dv 8x . dv & dv 8&z 
aie ‘ee 
oat {or Se gady been ae 


; dv ba 
The first term is the product of —K ie by dt and by w Se" 


The latter quantity is, according to the principles of geometry, the 
area of the projection of w on the plane of y and z; thus the 
product represents the quantity of heat which would flow across 


the area of the projection, if it were placed at the point p perpen- 
dicular to the axis of x. 
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3, tt represents the quantity of 


heat which would cross the projection of w, made on the plane of 
x and z, if this projection were placed parallel to itself at the 
point p. 
Lastly, the third term — K co 7) bey represents the tit 
; Ty use quantity 


The second term — K du @. 
dy 


of heat which would flow during the instant dt, across the projec- 
tion of w on the plane of x and y, if this projection were placed at 
the point p, perpendicular to the co-ordinate z. 

By this it is seen that the quantity of heat which flows across 
every infimtely small part of a surface drawn in the interior of the 
solid, can always be decomposed into three other quantities of flow, 
which penetrate the three orthogonal projections of the surface, along 
the directions perpendicular to the planes of the projections. The 
result gives rise to properties analogous to those which have 
been noticed in the theory of forces. 


150. The quantity of heat which flows across a plane surface 
w, infinitely small, given in form and. position, being equivalent 
to that which would cross its three orthogonal projections, it fol- 
lows that, if in the interior of the solid an element be imagined of 
any form whatever, the quantities of heat which pass into this 
polyhedron by its different faces, compensate each other recipro- 
cally: or more exactly, the sum of the terms of the first order, 
which enter into the expression of the quantities of heat received 
by the molecule, is zero ; so that the heat which is in fact accumu- 
lated in it, and makes its temperature vary, cannot be expressed 
except by terms infinitely smaller than those of the first order. 

This result is distinctly seen when the general equation (A) 
has been established, by considering the movement of heat in 
a prismatic molecule (Articles 127 and 142); the demonstration 
may be extended to a molecule of any form whatever, by sub- 
stituting for the heat received through each face, that which its 
three projections would receive. 

In other respects it is necessary that this should be so: for, if 
one of the molecules of the solid acquired during each instant a 
quantity of heat expressed by a term of the first order, the varia- 
tion of its temperature would be infinitely greater than that of 
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. . \ 
other molecules, that is to say, during each infinitely small instant 
its temperature would increase or decrease by a finite quantity, 
which is contrary to experience. 


151. We proceed to apply this remark to a molecule situated 
at the external surface of the solid. 


Fig. 6. 


Through a point a (see fig. 6), taken on the plane of a and y, 
draw two planes perpendicular, one to the axis of x the other to 
the axis of y. Through a point b of the same plane, infinitely 
near to a, draw two other planes parallel to the two preceding 
planes; the ordinates z, raised at the points a, b, c,d, up to the 
external surface of the solid, will mark on this surface four points 
a’, b’, c’, d’, and will be the edges of a truncated prism, whose base 
iS ae enrerae abed. If through the point a’ which denotes the 
least elevated of the four points a’, 0’, c’, d’, a plane be drawn 
parallel to that of # and y, it will cut off from the truncated prism 
a molecule, one of whose faces, that is to say a’b’c'd’, coincides 
with the surface of the solid. The values of the four ordinates 
aa’, cc’, dd’, bb’ are the following: 


an = z, 
dz 
co = z+ de, 
peas 
dd RFs 
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152. One of the faces perpendicular to a is a triangle, and 
the opposite face is a trapezium. The area of the triangle is 
1 dz 
and the flow of heat in the direction perpendicular to this surface 


being —K do. we have, omitting the factor dt, 


da 
Kee} dz 
Ble 2 wa. dy 
as the expression of the quantity of heat which in one instant 
passes into the molecule, across the triangle in question. 
The area of the opposite face is 


1 dz dz dz 
5 Y tee dae + d+ dy) 


dy, 


and the flow perpendicular to this face is also — K ue suppress- 


ing terms of the second order infinitely smaller than those of the 
first; subtracting the quantity of heat which escapes by the second 
face from that which enters by the first we find 


— = 


This term expresses the Fe of heat the molecule receives 
- through the faces perpendicular to a. 

It will be found, by a similar process, that the same molecule 
receives, through the faces perpendicular to y, a quantity of heat 


The quantity of heat which the molecule receives through the 
rectangular base is + K Ode dy. Lastly, across the upper sur- 


face a'b’c'd’, a certain quantity of heat is permitted to escape, 
equal to the product of hv into the extent w of that surface. 
The value of w is, according to known principles, the same as that 


of da dy multiplied by the ratio = 5 e denoting the length of the 


normal between the external surface and the plane of x and y, and 


a {1 i (=) A as 
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hence the molecule loses across its surface a’b’c'd’ a quantity of 
heat equal to hv dx dy <. 


Now, the terms of the first order which enter into the expression 
of the total quantity of heat acquired by the molecule, must cancel 
each other, in order that the variation of temperature may not be 
at each instant a finite quantity ; we must then have the equation 


dv dz dv dz dv € 
K «( Tg dys 7 Ge daly -5, ? de dy) — hv < de dy =0, 


he eon dv dz dvdz dv 


aie ua es © dx * dy dy dz’ 
dz dz 
153. Substituting for ao and oe their values derived from 


the equation 
mdxc + ndy + pdz =0, 
and denoting by qg the quantity 
(m? +n? + p*) , 
we have 


(ds dv | dv 
K (m 7 not pg) + ho = Oi nes ceens (B), 


thus we know distinctly what is represented by each of the 
terms of this equation. 

Taking them all with contrary signs and multiplying them 
by dx dy, the first expresses how much heat the molecule receives 
through the two faces perpendicular to x, the second how much 
it receives through its two faces perpendicular to y, the third 
how much it receives through the face perpendicular to z, and 
the fourth how much it receives from the medium. The equation 
therefore expresses that the sum of all the terms of the first 
order is zero, and that the heat acquired cannot be represented 
except by terms of the second order, 


154. To arrive at equation (B), we in fact consider one 
of the molecules whose base is in the surface of the solid, as 
a vessel which receives or loses heat through its different faces. 
The equation signifies that all the terms of the first order which 
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enter into the expression of the heat acquired cancel each other; 
so that the gain of heat cannot be expressed except by terms 
of the second order. We may give to the molecule the form, 
either of a right prism whose axis is normal to the surface of the 
solid, or that of a truncated prism, or any form whatever. 

The general equation (A), (Art. 142) supposes that all the 
terms of the first order cancel each other in the interior of the 
mass, which is evident for prismatic molecules enclosed in the 
solid. The equation (B), (Art. 147) expresses the same result 
for molecules situated at the boundaries of bodies, 

Such are the general points of view ‘from which we may look 
at this part of the theory of heat. 

J 2 2 

The equation = = a ( ++ apt os) represents the move- 
ment of heat in the interior of bodies. It enables us to ascer- 
tain the distribution from instant to instant in all substances 
solid or liquid; from it we may derive the equation which 
belongs to each particular case. 

In the two following articles we shall make this application 
to the problem of the cylinder, and to that of the sphere. 


SECTION VIII. 
Application of the general equations. 


155. Let us denote the variable radius of any cylindrical 
envelope by 7, and suppose, as formerly, in Article 118, that 
all the molecules equally distant from the axis have at each 
instant a common temperature; v will be a function of » and ¢; 
ris a function of y, z, given by the equation 7°=y'+2". Itis 


evident in the first place that the variation of v with respect 
2 


to x is nul; thus the term S must be omitted. We shall have 


then, according to the principles of the differential calculus, the 
equations 


dv__ dvdr cd d*o #2 (<) ® (S) 


dy dr dy 2 aye ai? (dy) * ar (ay 
dv _dvdr J dy p? dy a dv (3) / 
dz drdz dz dr a dr \dz"/’ 


‘ 
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whence 


dy da’ d’v({/dr\? | (dr\ , dv (d’r | dr 
dy de =F 1G) = (=) +o (ate sian (a). 


In the second member of the equation, the quantities 
dr dr dr ar 
dy dzvndy de 2 
must be replaced by their respective values; for which purpose 
we derive from the equation y’?+ 2*=7", 


=r = and l= (5) r a'r 
ers dy dy"’ 
dr dr d’r 
(eee SE and =) LF EE 


and consequently 
rer ee Z) 6 af 
y (7 (z i 


dr\* /dr d’r dr 
2=(T) +(Z) +rlt ot 


The first equation, whose first member is equal to 7’, gives 


(=) +(Z) ag We (b); 


the second gives, when we substitute for 
ar\? — (dry 
(g) +@) 
A cree te | 
dy? + dz = Fri sla.ie)e ele[nie visi=ielnte-o's/iete'eleeleielere (c). 
If the values given by equations (b) and (c) be now substi- 
tuted in (a), we have 
d*y dv dv. idv 
dy de de? & dr’ 
Hence the equation which expresses the movement of ‘heat 
in the cylinder, is 
dv K sd*v 1 | 
nn 010) (a r dr/’ 
as was found formerly, Art. 119. 


its value 1, 
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We might also suppose that particles equally distant from 
the centre have not received a common initial temperature ; 
in this case we should arrive at a much more general equation. 


156. To determine, by means of equation (A), the movement 
of heat in a sphere which has been immersed in a liquid, we 
shall regard v as a function of r and ¢; r is a function of a, Y, & 
given by the equation 


? 


P= arty? + 2°, 


r being the variable radius of an envelope. We have then 


do_dudr 9, dv _@'u(dr dvdr 
dx drdx dx dr’ Ce dr dx?’ 
de _de dr ug Te _derary do a 
dy ~ dr dy Tan dP Ady dr dy’ 
de _do dr yy Ped (dey , doa 

dz drdz *° de dr @ dr dz* ° 


Making these substitutions in the equation 


de tha (a vide. de 
dt OD ie tayt 7 


we shall have 


$-5(S(E) EO SEF 


The equation 27 +7 + 2°=7" gives the following results ; 


dr dr\?* d’r 
sone Uae ga and 1=(Z) +773) 
dr dr \? ir 
Y=" Oy and 1=(7,) 7 hy 
dr dr dr 
Ga and 1=(%) +1 oa: 


The three equations of the first order give : 


e+y74+27=7r (=) 4 (=) + ()t : 
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The three equations of the second order give: 


dr rary a adr ar oh 
ae & + Ga) +(% +r|T i dy? Mae 
and substituting for 
eV nf dri fdr N 
(=) as aa "i i 


dr dr dr _2 
dat * dy? dor’ 


its value 1, we have 


Making these substitutions in the equation (a) we have the 
equation 
dv  K (dv 2 dv) 
dt ~ CD aes drs’ 
which is the same as that of Art. 114. 

The equation would contain a greater number of terms, if we 
supposed molecules equally distant from the centre not to have 
received the same initial temperature. 

We might also deduce from the definite equation (B), the 
equations which express the state of the surface in particular 
cases, in which we suppose solids of given form to communicate 
their heat to the atmospheric air; but in most cases these equa- 
tions present themselves at once, and their form is very simple, 
when the co-ordinates are suitably chosen. 


SECTION IX. 
General Remarks. 


157. The investigation of the laws of movement of heat in 
solids now consists in the integration of the equations which we 
have constructed; this is the object of the following chapters. 
We conclude this chapter with general remarks on the nature 
of the quantities which enter into our analysis. 

In order to measure these quantities and express them nume- 
rically, they must be compared with different kinds of units, five 


SECT. IX.] GENERAL REMARKS. 127 


in number, namely, the unit of length, the unit of time, that of 
temperature, that of weight, and finally the unit which serves to 
measure quantities of heat. For the last unit, we might have 
chosen the quantity of heat which raises a given volume of a 
certain substance from the temperature 0 to the temperature 1. 
The choice of this unit would have been preferable in many 
respects to that of the quantity of heat required to convert a mass 
of ice of a given weight, into an equal mass of water at 0, without 
raising its temperature. We have adopted the last unit only 
because it had been in a manner fixed beforehand in several works 
on physics; besides, this supposition would introduce no change 
into the results of analysis. 


158. The specific elements which in every body determine 
the measurable effects of heat are three in number, namely, the 
conducibility proper to the body, the conducibility relative to the 
atmospheric air, and the capacity for heat. The numbers which 
express these quantities are, like the specific gravity, so many 
natural characters proper to different substances. 

We have already remarked, Art. 36, that the conducibility of 
the surface would be measured in a more exact manner, if we had 
sufficient observations on the effects of radiant heat in spaces 
deprived of air. 

It may be seen, as has been mentioned in the first section of 
Chapter 1, Art. 11, that only three specific coefficients, K, h, C, 
enter into the investigation; they must be determined by obser- 
vation; and we shall point out in the sequel the experiments 
adapted to make them known with precision. 


159. The number C which enters into the analysis, is always 
multiplied by the density D, that is to say, by the number of 
units of weight which are equivalent to the weight of unit of 
volume; thus the product CD may be replaced by the coeffi- 
cient c. In this case we must understand by the specific capacity 
for heat, the quantity required to raise from temperature 0 to 
temperature 1 unit of volume of a given substance, and not unit of 
weight of that substance. 

With the view of not departing from the common definition, 
we have referred the capacity for heat to the weight and not to 
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the volume; but it would be preferable to employ the coefficient ¢ 
which we have just defined; magnitudes measured by the unit 
of weight would not then enter into the analytical expressions: 
we should have ‘to consider only, Ist, the linear dimension a, the 
temperature v, and the time ¢; 2nd, the coefficients c, h, and K. 
The three first quantities are undetermined, and the three others 
are, for each substance, constant elements which experiment 
determines. As to the unit of surface and the unit of volume, 
they are not absolute, but depend on the unit of length. 


160. It must now be remarked that every undetermined 
magnitude or constant has one dimension proper to itself, and 
that the terms of one and the same equation could not be com- 
pared, if they had not the same exponent of dimension. We have 
introduced this consideration into the theory of heat, in order to 
make our definitions more exact, and to serve to verify the 
analysis* it is derived from primary notions on quantities; for 
which reason, in geometry and mechanics, it is the equivalent 
of the fundamental lemmas which the Greeks have left us with- 
out proof. 


161. In the analytical theory of heat, every equation (£) 
expresses a necessary relation between the existing magnitudes 
x, t, v, c,h, K. This relation depends in no respect on the choice 
of the unit of length, which from its very nature is contingent, 
that is to say, if we took a different unit to measure the linear 
dimensions, the equation (#) would still be the same. Suppose 
then the unit of length to be changed, and its second value to be 
equal to the first divided by m. Any quantity whatever x which 
in the equation (£) represents a certain line ab, and which, con- 
sequently, denotes a certain number of times the unit of length, 
becomes mz, corresponding to the same length ab; the value t¢ 
of the time, and the value v of the temperature will not be 
changed; the same is not the case with the specific elements 


h, K, c: the first, h, becomes es for it expresses the quantity of 


heat which escapes, during the unit of time, from the unit of sur- 
face at the temperature 1. If we examine attentively the nature 
of the coefficient K, as we have defined it in Articles 68 and 135, 
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we perceive that it becomes = for the flow of heat varies 


directly as the area of the surface, and inversely as the distance 
between two infinite planes (Art. 72). As to the coefficient c 
which represents the product CD, it also depends on the unit of 


length and becomes =F hence equation (#') must undergo no 


change when we write mz instead of x, and at the same time 
SS ; i 5 instead of K, h, c; the number m disappears after 
these substitutions: thus the dimension of a with ‘respect to the 
unit of length is 1, that of K is —1, that of h is —2, and that of ¢ 
is — 3. If we attribute to each quantity its own exponené of di- 
mension, the equation will be homogeneous, since every term will 
have the same total exponent. Numbers such as S, which repre- 
sent surfaces or solids, are of two dimensions in the first case, 
and of three dimensions in the second. Angles, sines, and othe 
_trigonometrical functions, logarithms or exponents of powers, are, 
according to the principles of analysis, absolute numbers which do 
not change with the unit of length; their dimensions must there- 
fore be taken equal to 0, which is the dimension of all abstract 
numbers. 


If the unit of time, which was at first 1, becomes = the number 


t will become nt, and the numbers w and v will not change. The 
coefficients K, h, c will become = ; . c. Thus the dimensions 
of a, t, v with respect to the unit of time are 0, 1, 0, and those of 
K, h, c are — 1, —1, 0. 

If the unit of temperature be changed, so that the temperature 
1 becomes that which corresponds to an effect other than the 
boiling of water; and if that effect requires a less temperature, 
which is to that of boiling water in the ratio of 1 to the number p; 
v will become vp, x and ¢ will keep their values, and the coeffi- 

, I wie ec 
cients K, h, c will become —, —, -. 

The following table indicates the dimensions of the three 
undetermined quantities and the three constants, with respect 
to each kind of unit. 

TH 9 
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Quantity or Constant. Length. Duration. Temperature. 
Exponent of dimension of = ... ib 0 0 
% a tae 0 1 0 
” ” F008 0 1 
The specific conducibility, K ... -1 -1 -1 
The surface conducibility, h -2 -1 -1 
The capacity for heat, Cees: —3 0 1 


162. If we retained the coefficients C and D, whose product 
has been represented by c, we should have to consider the unit of 
weight, and we should find that the exponent of dimension, with 
respect to the unit of length, is —3 for the density D, and 0 
for C. 


On applying the preceding rule to the different equations and 
their transformations, it will be found that they are homogeneous 
with respect to each kind of unit, and that the dimension of every 
angular or exponential quantity is nothing. If this were not the 
case, some error must have been committed in the analysis, or 
abridged expressions must have been introduced. 


If, for example, we take equation (6) of Art. 105, 
Cua ee 
di ~ OD da’ ODS” 
we find that, with respect to the unit of length, the dimension of 


each of the three terms is 0; it is 1 for the unit of temperature, 
and —1 for the unit of time. 


2h 
In the equation v=Ae* vi of Art. 76, the linear dimen- 
sion of each term is 0, and it is evident that the dimension of the 


exponent vy/ Ri always nothing, whatever be the units of 


length, time, or temperature. 


CHAPTER IIL 


PROPAGATION OF HEAT IN AN INFINITE RECTANGULAR SOLID. 


SECTION I. / 
Statement of the problem. 


163. PROBLEMS relative to the uniform propagation, or to 
the varied movement of heat in the interior of solids, are reduced, 
by the foregoing methods, to problems of pure analysis, and 
the progress of this part of physics will depend in consequence 
upon the advance which may be made in the art of analysis. 
The differential equations which we have proved contain the 
chief results of the theory; they express, in the most general 
and most concise manner, the necessary relations of numerical 
analysis to a very extensive class of phenomena; and _ they 
connect for ever with mathematical science one of the most 
important branches of natural philosopby. 

It remains now to discover the proper treatment of these 
equations in order to derive their complete solutions and an 
easy application of them. The following problem offers the 
first example of analysis which leads to such solutions; it 
appeared to us better adapted than any other to indicate the 
elements of the method which we have followed. 


164. Suppose a homogeneous solid mass to be contained 
between two planes B and C vertical, parallel, and infinite, and 
to be divided into two parts by a plane A perpendicular to the 
other two (fig. 7); we proceed to consider the temperatures of 
the mass BAC bounded by the three infinite planes A, B, C. 
The other part BAC" of the infinite solid is supposed to be a 
constant source of heat, that is to say,_all its points are main- 
tained at the temperature 1, which cannot alter. The two 

9—2 
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lateral solids bounded, one by the plane C and the plane A 
produced, the other by the plane B and the plane A pro- 
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duced, have at all points the constant temperature 0, some 
external cause maintaining them always at that temperature; 
lastly, the molecules of the solid bounded by 4, B and C have 
the initial temperature 0. Heat will pass continually from the 
source A into the solid BAC, and will be propagated there in 
the longitudinal direction, which is infinite, and at the same 
time will turn towards the cool masses B and C, which will ab- 
sorb great part of it. The temperatures’of the solid BAC will 
be raised gradually: but will not be able to surpass nor even 
to attain a maximum of temperature, which is different for 
different points of the mass. It is required to determine the 
final and constant state to which the variable state continually 
approaches. 


If this final state were known, and were then formed, it would 
subsist of itself, and this is the property which distinguishes 
it from all other states. Thus the actual problem consists in 
determining the permanent temperatures of an infinite rect- 
angular solid, bounded by two masses of ice B and C, and a 
mass of boiling water A; the consideration of such simple and 
primary problems is one of the surest modes of discovering the 
laws of natural phenomena, and we see, by the history of the 
sciences, that every theory has been formed in this manner. 


165. To express more briefly the same problem, suppose 
a rectangular plate BAC, of infinite length, to be heated at its 
base A, and to preserve at all points of the base a constant 
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temperature 1, whilst each of the two infinite sides B and C, 
perpendicular to the base A, is submitted also at every point 
to a constant temperature 0; it is required to determine what 
must be the stationary temperature at any point of the plate. 


It is supposed that there is no loss of heat at the surface 
of the plate, or, which is the same thing, we consider a solid 
formed by superposing an infinite number of plates similar to 
the preceding: the straight line Aw which divides the plate 
into two equal parts is taken as the axis of «, and the co-ordinates 
of any point m are w and y; lastly, the width 4 of the plate 
is represented by 2l, or, to abridge the calculation, by 7, the 
value of the ratio of the diameter to the circumference of a 
circle. 


Imagine a point m of the solid plate BAC, whose co-ordinates 
are x and y, to have the actual temperature v, and that the 
quantities v, which correspond to different points, are such that 
no change can happen in the temperatures, provided that the 
temperature of every point of the base A is always 1, and that 
the sides B and C retain at all their points the temperature 0. 


If at each point m a vertical co-ordinate be raised, equal to 
the temperature v, a curved surface would be formed which 
would extend above the plate and be prolonged to infinity. 
We shall endeavour to find the nature of this surface, which 
passes through a line drawn above the axis of y at a distance 
equal to unity, and which cuts the horizontal plane of zy along 
two infinite straight lines parallel to a. 


166. To apply the general equation 
dv _ K jd’v, dv , a 
dt CD (we dy* d2z*}’ 


we must consider that, in the case in question, abstraction is 
2 


: d : 
made of the co-ordinate z, so that the term a must be omitted ; 


dy 
dt 
determine the stationary temperatures; thus the equation which 


with respect to the first member —, it vanishes, since we wish to 
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belongs to the actual problem, and determines the properties 
of the required curved surface, is the following : 


The function of « and y, (a, y), which represents the per- 
manent state of the solid BAC, must, Ist, satisfy the equation 
(a); 2nd, become nothing when we substitute —4 7 or + 477 for y, 
whatever the value of « may be; 3rd, must be equal to unity 
when we suppose a =0 and y to have any value included between 
—t7and+37. 


Further, this function ¢(#, y) ought to become extremely 
small when we give to # a very large value, since all the heat 
proceeds from the source A. 


167. In order to consider the problem in its elements, we 
shall in the first place seek for the simplest functions of x 
and y, which satisfy equation (a); we shall then generalise the 
value of v in order to satisfy all the stated conditions. By this 
method the solution will receive all possible extension, and we 
shall prove that the problem proposed admits of no other 
solution. 


Functions of two variables often reduce to less complex ex- 
pressions, when we attribute to one of the variables or to both 
of them infinite values; this is what may be remarked in alge- 
braic functions which, in this particular case, take the form of 
the product of a function of a by a function of y. 


We shall examine first if the value of v can be represented 
by such a product; for the function v must represent the state 
of the plate throughout. its whole extent, and consequently that 
of the points whose co-ordinate x is infinite. We shall then 
as y= F(x) I (y); substituting in equation (a) and denoting - 


ae EE) by #" (x) and we by f/” (y), we shall have 


ao See 
F(w)  fY) 
we then suppose re =m and te =—m, m being any 


4 
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constant quantity, and as it is proposed only to find a particular 
value of v, we deduce from the preceding equations F(a) =e™, 


f(y) = cos my. 


168. We could not suppose m to be a negative number, 
and we must necessarily exclude all particular values of v, into 
which terms such as e”” might enter, m being a positive number, 
since the temperature v cannot become infinite when « is in- 
finitely great. In fact, no heat being supplied except from the 
constant source A, only an extremely small portion can arrive 
at those parts of space which are very far removed from the 
source. The remainder is diverted more and more towards the 
infinite edges B and C, and is lost in the cold masses which 
bound them. 

The exponent m which enters into the function &”” cos my 
is unknown, and we may choose for this exponent any positive 
number: but, in order that v may become nul on making 
y=—47 or y=+47, whatever 2 may be, m must be taken 
to be one of the terms of the series, 1, 3, 5, 7, &c.; by this 
means the second condition will be fulfilled. 


169. A more general value of v is easily formed by adding 
together several terms similar to the preceding, and we have 


v=ae*cos y + be cos 3y + ce cos 5y + de™ cos Ty + &e. ...... (6). 


It is evident that the function v denoted by ¢ (a, y) satisfies 
\ 2 
the equation Tat gan and the condition ¢ (a, +47) =0. 
A third condition remains to be fulfilled, which is expressed thus, 
¢ (0, y)=1, and it is essential to remark that this result must 
exist when we give to y any value whatever included between 
—t7 and +47. Nothing can be inferred as to the values 
which the function ¢ (0, y) would take, if we substituted in place 
of y a quantity not included between the limits - $7 and + $7. 
Equation (6) must therefore be subject to the following condition : 


1=acos y+ bcos 8y + ¢ cos 5y + d cos Ty + &e. 


The coefficients, a, b, c, d, &c., whose number. is infinite, are 
determined by means of this equation. 
The second member is a function of y, which is equal to 1 


\ 
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so long as the variable_y is included between the limits —}7 
and +47. It may be doubted whether such a function exists, 
but this difficulty will be fully cleared up by the sequel. 


170. Before giving the calculation of the coefficients, we 
may notice the effect represented by each one of the terms of 
the series in equation (0). 


Suppose the fixed temperature of the base A, instead of 
being equal to unity at every point, to diminish as the point 
of the line A becomes more remote from the middle point, 
being proportional to the cosine of that distance; in this case 
it will easily be seen what is the nature of the curved surface, 
whose vertical ordinate expresses the temperature v or ¢ (a, y). 
If this surface be cut at the origin by a plane perpendicular 
to the axis of a, the curve which bounds the section will have 
for its equation v=acosy; the values of the coefficients will 
be the following : 


a=a, 6=0/c=0, d=0; 
and so on, and the equation of the curved surface will be 
v=ae™ cos ¥. 
If this surface be cut at right angles to the axis of y, the 
section will be a logarithmic spiral whose convexity is turned 
towards the axis; if it be cut at right angles to the axis of a, 


the section will be a trigonometric curve whose concavity is 
turned towards the axis. 


It follows from this that the function = is always positive, 


2, 


av. : ; 

and ay is always negative. Now the quantity of heat which 
a molecule acquires in consequence of its position between two 
others in the direction of a is proportional to the value of Ss 

x 
(Art. 123) : it follows then that the intermediate molecule receives 
from that which precedes it, in the direction of 2, more heat than 
it communicates to that which follows it. But, if the same mole- 
cule be considered as situated between two others in the direction 


teu or, Be the 
of y, the function a being negative, it appears that the in- 
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termediate molecule communicates to that which follows it more 
heat than it receives from that which precedes it. Thus it 
follows that the excess of the heat which it acquires in the direc- 
tion of 2, is exactly compensated by that which it loses in the 
2 2 
direction of y, as the equation Tet qn denotes. Thus 
then the route followed by the heat which escapes from the 
source A becomes known. It is propagated in the direction 
of «, and at the same time it is decomposed into two parts, 
one of which is directed towards one of the edges, whilst the 
other part continues to separate from the origin, to be decomposed 
like the preceding, and so on to infinity. The surface which 
we are considering is generated by the trigonometric curve which 
corresponds to the base A, moved with its plane at right angles to 
the axis of x along that axis, each one of its ordinates de- 
creasing indefinitely in proportion to successive powers of the 
same fraction. 


Analogous inferences might be drawn, if the fixed tempera- 
tures of the base A were expressed by the term 
b cos 38y or ¢ cos 5y, &c.; 


and in this manner an exact idea might be formed of the move- 
ment of heat in the most general case; for it will be seen by 
the sequel that the movement is always compounded of a multi- 
tude of elementary movements, each of which is accomplished 
as if it alone existed. 


SECTION II. 


First example of the use of trigonometric series in the theory 
of heat. 
171. Take now the equation 
1=a cos y +b cos 3y +-¢ cos 5y+d cos Ty + &c., 


in which the coefficients a, b, c, d, &c. are to be determined. 
In order that this equation may exist, the constants must neces- 
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sarily satisfy the equations which are obtained by successive 
differentiations ; whence the following results, 
l=acosy+ bcos8y+ ccosSy+ decos7y + &e., 
O=asiny + 36 sin 3y + 5¢ sin 5y+ 7d sin Ty + &., 
0=a cosy +387) cos 8y +5’ cos 5y+7'd cos Ty + &., 
0=asiny + 3% sin 8y + 5°c sin 5y+7°d sin Ty + &., 
and so on to infinity. 

These equations necessarily hold when y=0, thus we have 
T=a7e6+ ‘t+ dt “e+ [+ OF ee 
0=a+3b+5'e+7d+ e+ 11+... &., 
0=a4+ 304+ 5'c+7'd+ 9e4... &e., 
0=a4+3%+5%+4+7d+... &., 
0=a43%+5%c+... &., 

&e. 
The number of these equations is infinite like that of the 
unknowns a, b,c, d, e,... &e. The problem consists in eliminating 
all the unknowns, except one only. 


172. In order to form a distinct idea of the result of these 
eliminations, the number of the unknowns a, b, c, d,... &e., will 
be supposed at first definite and equal to m. We shall employ 
the first m equations only, suppressing all the terms containing 
the unknowns which follow the m first. If in succession m 
be made equal to 2, 8, 4, 5, and so on, the values of the un- 
knowns will be found on each one of these hypotheses. The 
quantity a, for example, will receive one value for the case 
of two unknowns, others for the cases of three, four, or successively 
a greater number of unknowns. It will be the same with the 
unknown 0, which will receive as many different values as there 
have been cases of elimination; each one of the other unknowns 
is in like manner susceptible of’ an infinity of different values. 
Now the value of one of the unknowns, for the case in which 
their number is infinite, is the limit towards which the values 
which it receives by means of the successive eliminations tend. 
It is required then to examine whether, according as the number 
of unknowns increases, the value of each one of a, b, c, d... &e. 
does not converge to a finite limit which it continually ap- 
proaches. 
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Suppose the six following equations to be employed : 
l=a+ 6+ c+ d+ e+ f+4+6&c, 
0=a+3% +5'¢ +7'd +e +1Vf + &c., 
0=a+3 +5°c +7'd +9e +11'f + &e., 
0=a+3% +5°c +7°d +9% +115f + &e., 
0=a+3% + 5°c + 7d +9e +11f + &c, 
0=a+3"b+ 5% + 7%d + 9+ 11°F + &e. 
The five equations which do not contain f are : 
V=a(1l?-1')+ b01'-3')+ o(11°-5")+ d(1—7)+ ¢(11*-99) 
0 =a (11-1?) +3% (11’—3”) +5°e (11?—5*) +77 (11°-7”) +9e (11-9), 
Q =a(11?—-1’) +343 (113°) +5%e(11°—5*) +7d (11?—7") 4.9% (11-99), 
0 =a (11*—1’) +38° (11°—8°) +5°c (11°—5”) +7°d (11°—7”) +9%e (119°), 
Q =a (11-1) +3° (11*—3") +.5% (11-5) +7°d (L1?—7") +9%e (11?-9"), 
Continuing the elimination we shall obtain the final equation 
in a, which is: 
a (11° — 1?) (9? —1°) (?— 1’) (8 — 1’) (3? — 1’) = 11°. 9*. 77. 5°. 37.1 


173. If we had employed a number of equations greater 
by unity, we should have found, to determine a, an equation 
analogous to the preceding, having in the first member one 
factor more, namely, 13’— 1’, and in the second member 13? 
for the new factor. The law to which these different values of 
@ are subject is evident, and it follows that the value of @ which 
corresponds to an infinite number of equations is expressed thus: 


3” 5? 7 oh La 


Pere tao 1 1 
SEs ia er eee re 
oF CO MGs 6 6.88.10 10219" 


Now the last expression is known and, in accordance with 
: 4 ; : 
Wallis’ Theorem, we conclude that ede It is required then 
only to ascertain the values of the other unknowns. 
174. The five equations which remain after the elimination 


of f may be compared with the five simpler equations which 
would have been employed if there had been only five unknowns. 
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The last equations differ from the equations of Art. 172, in 
that in them e, d, c, b, a@ are found to be multiplied respec- 
tively by the factors 


CHS 1a elas te i 


It follows from this that if we had solved the five linear 
equations which must have been employed in the case of five 
unknowns, and had calculated the value of each unknown, it 
would have been easy to derive from them the value of the 
unknowns of the same name corresponding to the case in which 
six equations should have been employed. It would suffice to 
multiply the values of e, d, c, b, a, found in the first case, by the 
known factors. It will be easy in general to pass from the value 
of one of these quantities, taken on the supposition of a certain 
number of equations and unknowns, to the value of the same 
quantity, taken in the case in which there should have been 
one unknown and one equation more. [or example, if the value 
of e, found on the hypothesis of five equations and five unknowns, 
is represented by £, that of the same quantity, taken in the case 
of one unknown more, will be H ee ve The same value, 
taken in the case of seven unknowns, will be, for the same reason, 


age 13° 
11? — 9? 9g?" 13? — 9? 9? ’ 
and in the case of eight unknowns it will be 


ir 13? 15? 


Aso eo 


and so on. In the same manner it: will suffice to know the 
value of b, corresponding to the case of two unknowns, to derive 
from it that of the same letter which corresponds to the cases 
of three, four, five unknowns, &. We shall only have to multiply 
this first value of b by 


ae 2 9? 


5? — 37° 7 3! 3° 9? — 3? 33 eee &e. 
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Similarly if we knew the value of c¢ for the case of three 
unknowns, we should multiply this value by the successive factors 
Reno elle 
(ee Cpe at od a 


We should calculate the value of d for the case of four unknowns 
only, and multiply this value by 


oP LE 13? 


F-7 ipoiyF on < WGC. 


The calculation of the value of a is subject to the same rule, 
for if its value be taken for the case of one unknown, and multi- 
plied successively by 

3° 5? ify 9° 
BES aes Ro Saee Ves ie? Oe 


the final value of this quantity will be found. 


175. The problem is therefore reduced to determining the 
value of a in the case of one unknown, the value of 6 in the case 
of two unknowns, that of c in the case of three unknowns, and so 
on for the other unknowns. 


It is easy to conclude, by inspection only of the equations and 
without any calculation, that the results of these successive elimi- 
nations must be 


a= 1, 
1? 
Sires 
1? 3? 
aro es 
Laat 3° 5 
ey ESP | (a diy fae 
a ran 5? 7k 


176. It remains only to multiply the preceding quantities by 
the series of products which ought to complete them, and which 
we have given (Art. 174). We shall have consequently, for the 
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final values of the unknowns a, b, ¢, d, e, f, &c., the following 
expressions : 
a 5? The 9? Lk 


a=l. gmp pop: Pop: Fl ior 


eae 5 (tee aha a ‘ike 
7V=s Ss HS oF SeaTe es 


wer 3 7 Sor Liye 
SS qt Soa 5 = Ses 
1? 3? 5? 9? 11 
d ee af By all ye ites ye a Ce Te = &e., 
yt 3° 5? 7 1L 1a 
OF eG SSP Ot bao 7 yd ee 1 ee 
ay 1? 82 5? ie 9? 52 & 
f= pre: Foi PoP Poe * Fo * 13s" 17 
or, 
Sah Gs eae 
et 904 aE ae 
1215. he AT een 
bee ARO Baio 
ine ec reve) Ube 
Ca 6 9.8 2. 1e Pha one 
pe ails Lie BeS) BVO Opes 
Sy AGS S- 451 OO elo ORIG Ste yee 
eo Ml BB 8 
7" 8-10 6,12" 4:14 9.16) 99390 eae 
e 1.1 3.38 BB rey 90) ea ee 
~ 1002" S14" 6.16" 4.98 2720 O oa £5658 


The quantity $7 or a quarter of the circumference is equiva- 
lent, according to Wallis’ Theorem, to 


2.2) fed * 6.6558 8G 0108 ToL bas 
13.3..385  b5- (ec 0as OL Sells ane 


&e. 
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If now in the values of a, b, c, d, &c., we notice what are the 
factors which must be joined on to numerators and denominators 
to complete the double series of odd and even numbers, we find 
that the factors to be supplied are: 


fa= 2.2 
a= Cah, 
for b ose | | s 
6 7 2 2 
for ce we 
1 2 
7.7 acne oe 
for d Ts? whence we conclude fe *5 
9.9 jae 
for e -—,=, 
18 ‘1 2 
ere iabed iis eu noe 
f => 
oo Fe. ree 
Tas Sater 


177. Thus the eliminations have been completely effected, 
and the coefficients a, b, c, d, &c., determined in the equation 


1=acosy +6 cos 3y +¢ cos 5y + dcos Ty +e cos 9y + &e. 


The substitution of these coefficients gives the following equa- 
tion : 
r 1 


1 | 
Z = C8 Y — 5008 By + 7 Cos By — 7 cos Ty +5 cos 9y — &e.” 


The second member is a function of y, which does not change 
in value when we give to the variable y a value included between 
—in and +47. It would be easy to prove that this series is 
always convergent, that is to say that writing instead of y any 
number whatever, and following the calculation of the coefficients, 
we approach more and more to a fixed value, so that the difference 
of this value from the sum of the calculated terms becomes less 
than any assignable magnitude. Without stopping for a proof, 


1 Tt is a little better to deduce the value of b in a, ofcinb, &. [R. L. E.] 
2 The coefficients a, b, c, &c., might be determined, according to the methods 
of Section v1., by multiplying both sides of the first equation by cosy, cos 3y, 


1 
cos 5y, &e., respectively, and integrating from ~9™ to +5" as was done by 


D. F. Gregory, Cambridge Mathematical Journal, Vol. 1. p. 106. [A. F.] 
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which the reader may supply, we remark that the fixed value 
which is continually approached is ja, if the value attributed 
to y is included between 0 and }7, but that it is —}a, if y is 
included between 37 and 377; for, in this second interval, each 
term of the series changes in sign. In general the limit of the 
series is alternately positive and negative; in other respects, the 
convergence is not sufficiently rapid to produce an easy approxima- 
tion, but it suffices for the truth of the equation. 


178. The equation 


y = cos x — 5 cos 3a + 500s fa — 700s Tx + &c. 
belongs to a line which, having 2 for abscissa and y for ordinate, is 
composed of separated straight lines, each of which is parallel to 
the axis, and equal to the circumference. These parallels are 
situated alternately above and below the axis, at the distance iz, 
and joined by perpendiculars which themselves make part of the 
line. To form an exact idea of the nature of this line, it must be 
supposed that the number of terms of the function 


cos @ — 5 cos 82+ 5 008 5a — &e. 


has first a definite value. In the latter case the equation 


1 1 
y = COs @ — @ COS 3.0 + 5 cos 5a — &e. 

belongs to a curved line which passes alternately above and below 
the axis, cutting it every time that the abscissa w becomes equal 
to one of the quantities 

0, cf: 57 um 
According as the number of terms of the equation increases, the 
curve in question tends more and more to coincidence with the 
preceding line, composed of parallel straight lines and of perpen- 
dicular lines; so that this line is the limit of the different curves 
which would be obtained by increasing successively the number of 
terms. 
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SECTION III. 


Remarks on these series. 


179. We may look at the same equations from another point 
of view, and prove directly the equation 


1 
T = cos @— 3 cos Bx + 5 cos 5a —7 cos Tx +. cos 9x — &e. 


4 7 9 
The case where x is nothing is verified by Leibnitz’ series, 
T jae ae ees | 
7 =] —atg-ats — ke. 


We shall next assume that the number of terms of the series 


cos 2 — + cos 3+ cos Ba —S cos 7x + &c. 
3 5 7 

instead of being infinite is finite and equal to m. We shall con- 
sider the value of the finite series to be a function of « and m. 
We shall express this function by a series arranged according to 
negative powers of m; and it will be found that the value of 
the function approaches more nearly to being constant and inde- 
pendent of x, as the number m becomes greater. 


Let y be the function required, which is given by the equation 


1 1 ae eae | ag | 3 
Y = COs x — 5 cos 3x + = cos 5x2 — = COS 1a+ +. — gz 008 (2m —1) a, 


3 7 
m, the number of terms, being supposed even. This equation 
differentiated with respect to « gives 
OY. & : Heeee, , 
—— =sin#—sin 3% +sin 5c2—sin 7x +... 
dc 
+ sin (2m — 3) e—sin (2m — 1) 2; 


multiplying by 2 sin 2x, we have 
—2 oF sin Qn = 2sin xsin 2x —2 sin 3x sin 2a + 2 sin 5xsin 22... 


+2 sin (2m —8) x sin 22 — 2 sin (2m —1) sin 2x, 
F. H, 10 
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Each term of the second member being replaced by the 
difference of two cosines, we conclude that 


dy . et 
—2 det 2a = cos (— x) — cos 3x 


—cos 2 + cos 5.0 
+ cos 3a — cos 7x 
— cos 5a + cos Ix 
+ cos (2m—5) x — cos (2m—1) x 
— cos (2m — 3x) + cos (2m + 1) x. 
The second member reduces to 
cos (2m+1)a—cos(2m—1)z, or —2sin 2mzxsin 2; 


hence y= 3|(a es a) : 


COS & 


180. We shall integrate the second member by parts, dis- 
tinguishing in the integral between the factor sin 2mx dz which 


: : 1 
must be integrated successively, and the factor z oF seca 


which must be differentiated successively ; denoting the results 
of these differentiations by sec’ a, sec’ a, sec” a,...&c., we shall 
have 


1 
~— cos 2mx see x + 


I: 
27 = const. — - — sin 2ma sec’ a 
J 2m 2? 


1 
— 53,2 COS 2mx sec” a + &e. ; 


thus the value of y or 


cos #— 5 cos Bx +5 cos 52 — 7 cos Va +4... ~ 5 8 (2m —1) 2, 
which is a function of # and m, becomes expressed by an infinite 
series; and it is evident that the more the number m increases, 
the more the value of y tends to become constant. For this 
reason, when the number m is infinite, the function y has a 
definite value which is always the same, whatever be the positive 
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value of x, less than 37. Now, if the arc x be supposed nothing, 
we have 

Ue 

i ook aus 


which is equal to }w. Hence generally we shall have 


yes 


1 1 1 a ee 1 
47 =COS x —5 cos 3x + = cos 5.x — = cos Tx + = cos 9x — &c....(b). 


4 3 5) 7 9 

181. Ifin this equation we assume x =; . » we find 
7 | Dre 8 lors Wt Erie | 1 1 
ge esse oi igs on &e. 5 


by giving to the arc x other particular values, we should find 
other series, which it is useless to set down, several of which 
have been already published in the works of Euler. If we 
multiply equation (b) e dx, and integrate it, we have 


WL ] 
vie = sin a— din Bat = 3 sin 50 — 7, sin 7x + &e. 
Making in the last equation 2 = }7, we find 


LP sre SL re oe 
93 5? 78 gy? Nyy 


a series already known. Particular cases might be enumerated 
to infinity; but it agrees better with the object of this work 
to determine, by following the same process, the values of the 
different series formed of the sines or cosines of multiple arcs. 


eae 


182. Let 


y= sine — sin Qn + 5 sin 32 Zsin 42... 


ieee 
+ sin (m—1) «— py SD mem, 


m—1 


m being any even number. We derive from this equation 


dy : 
BL = cos &— cos 2x + cos Bx — cos 4ar ... + C08 (m—1) #—cos mz; 


dx 
10—2 
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multiplying by 2sina, and replacing each term of the second 
member by the difference of two sines, we shall have 


dy 


2sin @ 7 = sin (7 +x) —sin (w@— x) 


— sin (2a + x) + sin (2x — a) 
+ sin (3x2 +a) — sin (3x — a) 
+ sin {(m—1)x-a}—-sin {(m+1)a—-2} 
— sin (mx +) + sin (ma — x); 
and, on reduction, 


hee : ; : 
2sina ©! =sina+sin me—sin (ma + x): 


da 
the quantity sin mx — sin (mx+<), 
or sin (ma +4a— x) —sin(me+}x+4a), 
is equal to —2sintxcos (mx+4a); 
we have therefore 


ayes sinte 


ae 8 Higa (ma +42), 


dy _1__cos(mx+4a) | 


or —___— 
dx 2 2costa 7 


whence we conclude 


fae cos (max + $2) 
er Qeosta 


If we integrate this by parts, distinguishing between the 


1 E : ; 3 
factor —_,— or sec}a, which must be successively differentiated 
cos $a 5 


and the factor cos(mx+4a), which is to be integrated several 
times in succession, we shall form a series in which the powers 


< 1 , : Z 
of mts enter into the denominators. As to the constant it 


is nothing, since the value of y begins with that of «. 
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It follows from this that the value of the finite series 
Sas. ai ain aie barn ee ae uw BARE 
re 3 5 7 m 


differs very little from that of 4a”, when the number of terms 
is very great; and if this number is infinite, we have the known 
equation 
: 1 NE Lee rs. Le. B 
9 v= sine — 5 sin 20 +5 sin da — 7 sin 4e +z sin 5a — &e. 
From the last series, that which has been giyen above for 
the value of $7 might also be derived. 


183. Let now 


y = 5 008 Qn — cos dar + 5 008 62—... 


+ cos (2m — 2) #— Ee cos 2a. 


itil 

2m — 2 2m 
Differentiating, multiplying by 2sin 2x, substituting the 

differences of cosines, and reducing, we shall have 


Soe. Muesin (2m +1) x 
dx COS & 
or 2y=0-|detan e+ {de es 


integrating by parts the last term of the second member, and 
supposing m infinite, we have y=0+5log cosa. If in the 
equation 


y = 500s 2a — 7 cos e+ F cos 6x — & cos 80 + ree OC: 


we suppose x nothing, we find 


iW) ie ata 


Y= 3 reas os 


5 log 2: 


therefore Y=5 Dog 2+ 5 Log COS a, 
Thus we meet with the series given by Euler, 


1 1 
log (2 cos $x) =cos x — ; cos 2a + 3 008 3x — 408 4x + &e. 
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184. Applying the same process to the equation 


, iit | eae | pees sa 
y=sine+ 5sin 32+, sin 5e+7sin Te + &e., 


we find the following series, which has not been noticed, 

im =sin x +4 sin Be += sin 50+ Zsin Ze +4 sin 9+ &e.! 

It must be observed with respect to all these series, that 
the equations which are formed by them do not hold except 
when the variable « is included between certain limits. Thus 
the function 

t Sere 1 . 1 = 
cos e—~= cos3c+ ~ cos 5x—-_ cos 7x + Ke. 
3 5 ( 
is not equal to $7, except when the variable z is contained 
between the limits which we have assigned. It is the same 
with the series 

P Lee 
— sin 4v + = sin 5a — Ke. 

4: 3d 

This infinite series, which is always convergent, has the value 
4a so long as the arc x is greater than 0 and less than 7. But 
it is not equal to $a, if the arc exceeds 7; it has on the contrary 
values very different from 4a; for it is evident that in the in- 
terval from x= 7 to x=2rz, the function takes with the contrary 
sign all the values which it had in the preceding interval from 
2x=Q0 to «=7. This series has been known for a long time, 
but the analysis which served to discover it did not indicate 
why the result ceases to hold when the variable exceeds 7. ; 

The method which we are about to employ must therefore 
be examined attentively, and the origin of the limitation to which 
each of the trigonometrical series is subject must be sought. 


sin x a ee cies 
2" dal 3 lL e gee: 


185. To arrive at it, it is sufficient to consider that the 
values expressed by infinite series are not known with exact 
certainty except in the case where the limits of the sum of the 
terms which complete them can be assigned; it must therefore 
be supposed that we employ only the first terms of these series, 


1 This may be derived by integration from 0 to mas in Art, 222, [R. L. E.] 
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and the limits between which the remainder is included must 
be found. 


We will apply this remark to the equation 


Bide hed ah } on coe Be 2 cos 
y 3 z 7 008 TH... 


cos(2m—3)% cos (2m—1)a 
2m —3 2m—1 
The number of terms is even and is represented by m; from it 


is derived the equation dy oo 2ma 
dx Cos 


value of y, by integration by parts. Now the integral fuvdz 
may be resolved into a series composed of as many terms as 
may be desired, u and v being functions of z. We may write, for 
example, 


fucae =c+ u fede [ae fade +5 [def deft 
dc dx 


— [1a(Zp) [aefae [eae 


an equation which is verified by differentiation. 


Denoting sin 2mx by v and sec x by wu, it will be found that 


, whence we may infer the 


1 : 1 ” 
2y=c— - sec x cos 2mx +572 sec’x sin 2ma + 53,8 SCC # COS 2mz 
sec” x 
-{(a Pe 008 2m.) ; 
186. It is required now to ascertain the limits between which 


2°m?* 
is included. To form this integral an infinity of values must 
be given to the arc a, from 0, the limit at which the integral 
begins, up to 2, which is the final value of the arc; for each one 
of these values of « the value of the differential d (sec” 7) must 
be determined, and that of the factor cos 2mz, and all the partial 
products must be added: now the variable factor cos2mz is 
necessarily a positive or negative fraction; consequently the 
integral is composed of the sum of the variable values of the 
differential d (sec” x), multiplied respectively by these fractions, 


the integral em | {d (sec” x) cos 2max} which completes the series 
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The total value of the integral is then less than the sum of the 
differentials d (sec’ x), taken from «= 0 up to a, and it is greater 
than this sum taken negatively: for in the first case we replace 
the variable factor cos2m« by the constant quantity 1, and in 
the second case we replace this factor by —1: now the sum of 
the differentials d (sec’ x), or whee is the same ——o the integral 
fd(sec” x), taken from x = 0, is sec’ #— sec’ 0; sec’’ a is a certain 
function of 2, and sec’ 0 is the value of this function, taken on 
the supposition that the arc # is nething. 

The integral required is therefore included between 

+ (sec”x — sec” 0) and — (sec” a — sec” 0) ; 
that is to say, representing by & an unknown fraction positive or 
negative, we have always 
f {d (sec” x) cos 2mx} = k (sec” x — sec” 0). 

Thus we obtain the equation 


1 Z 1 
Qy=c- Fn B°C © ©98 Qe + oo ; sec’ x sin 2ma + 9 = sec" xcos 2mx 


k ” " 
+ oe (sec” «— sec” 0), 


. . . k rr ” 
in which the quantity oa (sec” x—sec’ 0) expresses exactly the 


sum of all the last terms of the infinite series. 


187. If we had investigated two terms only we should have 
had the equation 


22 he sec 2 cos 2max aos i 2 ke ) 
Ye aes Fa sec’ # sin 2 2ma + ss ma 3 (sec’ a—sec’0). 
From this it follows that we can develope the value of y in as 


many terms as we wish, and express exactly the remainder of 
the series ; we thus find the set of equations 


k 
3 (sec x — sec 0), 


1 
24 =c— — sec x cos 2 oo 
J WAND) 2° 


1 1 fe 
24 =¢ — Zp Sec w cos2mat ss Fal ; sec’ x sin 2mx + sr wt See, x —sec' 0), 


1 1 
2y =c—F seca cos dma + 5 sec! x sin 2ma + =~ — sec” x cos 2mx 


1 
2°nv 
+ 


k ” 
——, (sec’ a—scc’’ 0). 
23 ns ( ec 0) 
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The number & which enters into these equations is not the 
same for all, and it represents in each one a certain quantity 
which is always included between 1 and —1; m is equal to the 
number of terms of the series 

cos 2 — 5 cos Ba++ cos Sa—...—>—— eos (2m —1) 2, 
whose sum is denoted by y. 


188. These equations could be employed if the number m 
were given, and however great that number might be, we could 
determine as exactly as we pleased the variable part of the value 
of y. If the number m be infinite, as is supposed, we consider 
the first equation only; and it is evident that the two terms 
which follow the constant become smaller and smaller; so that 
the exact value of 2y is in this case the constant c; this constant 
is determined by assuming x=0 in the value of y, whence we 
conclude 

7 = cosa — 5 cos 80+ 5 cos 5a —F cos'7n + 4 cos Ix — &e. 

It is easy to see now that the result necessarily holds if the 
arc « is less than 47. In fact, attributing to this arc a definite 
value X as near to $a as we please, we can always give to m 
a value so great, that the term os (sec x —sec0), which completes 
the series, becomes less than any quantity whatever; but the 
exactness of this conclusion is based on the fact that the term 
sec 2 acquires no value which exceeds all possible limits, whence 
it follows that the same reasoning. cannot apply to the case in 
which the arc z is not less than $7. 

The same Haws could be applied to the series which express 
the values of 3a, logcosa, and by this means we can assign 
the limits ok ae mies the variable must be included, in order 
that the result’ of analysis may be free from all uncertainty ; 
moreover, the same problems may be treated otherwise by a 
method founded on other principles’. 


189. The expression of the law of fixed temperatures in 
a solid plate supposed the knowledge of the equation 


1 Cf. De Morgan’s Diff. and Int. Calculus, pp. 605—609. [A.F.] 
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F=Cse— 5 cos Br + 5 cos 5a — 7 cosT2 +5 cos Ix — &e. 


A simpler method of obtaining this equation is as follows : 
If the sum of two arcs is equal to $7, a quarter of the 


circumference, the product of their tangent is 1; we have there- 
fore in general 


1 1 
5 7 = are tan u + arc tan a ene (ec); 


the symbol arc tan w denotes the length of the arc whose tangent 


is wu, and the series which gives the value of that arc is well 
known; whence we have the following result : 


Pere lem ise + (w + %)-3 (wv +5) 
rama 5 (@ +a) +5 (ty a A 


1 (2 ‘) 
+ 9 ee + » so RRR a a a Ay, (d). 
If now we. write e*’-1 instead of w in equation (c), and in equa- 
tion (d), we shall have 


ii — = 
5 aw =are tan ce”! + arc tan e~*Y—!, 


1 1 ae 1 
and 47 = CSE — 3 cos 3a + 5 cos 5a — 5 cos 7c + 9 cos 9.x — Ke. 

The series of equation (d) is always divergent, and that of 
equation ()) (Art. 180).is always convergent; its value is jar 
or —4r. 


SECTION IV. 
General solution. 


190. We can now form the complete solution of the problem 
which we have proposed; for the coefficients of equation (d) 
(Art. 169) being determined, nothing remains but to substitute 
them, and we have 


TU me 1 se Lr Fira heal ies 
pas cosy — ge” cos By + = 6° cos Sy — ee" cos 7y + &e....(a). 
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Or 


: : ue ae ml sesy ; 
This value of v satisfies the equation dat t Ein 0; it becomes 


nothing when we give to y a value equal to $a or — 47; lastly, 
it is equal to unity when x is nothing and y is included between 
—4n and +37. Thus all the physical conditions of the problem 
are exactly fulfilled, and it is certain that, if we give to each 
point of the plate the temperature which equation (a) deter- 
mines, and if the base A be maintained at the same time at the 
temperature 1, and the infinite edges B and C at the tempera- 
ture 0, it mild be impossible for any change to occur in the 
system of temperatures. 


191. The second member of equation (a) having the form 
of an exceedingly convergent series, it is always easy to deter- 
mine numerically the temperature of .a point whose co-ordinates 
x and y are known. The solution gives rise to various results 
which it is necessary to remark, since they belong also to the 
general theory. 

If the point m, whose fixed temperature is considered, is very 
distant from the origin A, the value of the second member ot 
the equation (a) will be very nearly equal to e* cosy; it reduces 
to this term if « is infinite. 


; 4 
The equation tee cosy represents also a state of the 


solid which would be preserved without any change, if it were 
once formed; the same would be the case with the state repre- 


sented by the equation v= fae cos 3y, and in general each 


term of the series corresponds to a particular state which enjoys 
the same property. All these partial systems exist at once in 
that which equation (x) represents; they are superposed, and 
the movement of heat takes place with respect to each of them 
as if it alone existed. In the state which corresponds to any 
one of these terms, the fixed temperatures of the points of the 
base A differ from one point to another, and this is the only con- 
dition of the problem which is not fulfilled ; but the general state 
which results from the sum of all the terms satisfies this special 
condition. 

According as the point whose temperature is considered is 
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more distant from the origin, the movement of heat is less com- 
plex: for if the distance x is sufficiently great, each term of 
the series is very ‘small with respect to that which precedes it, 
so that the state of the heated plate is sensibly represented by 
the first three terms, or by the first two, or by the first only, 
for those parts of the plate which are more and more distant 
from the origin. 

The curved surface whose vertical ordinate measures the 


fixed temperature v, is formed by adding the ordinates of a 
multitude of particular surfaces whose equations are 


= =— he cos 3y, ie =e cos 5y, &c. 
The first of these coincides with the general surface when x 
is infinite, and they have a common asymptotic sheet. 


Do oR 
ne =e" cosy, 


If the difference vy —v, of their ordinates is considered to be 
the ordinate of a curved surface, this surface will coincide, when x 
is infinite, with that whose equation is jav,=—}e*’ cos3y. All 
the other terms of the series produce similar results, 


The same results would again be found if the section at the 
origin, instead of being bounded as in the actual hypothesis by 
a straight line parallel to the axis of y, had any figure whatever 
formed of two symmetrical parts. It is evident therefore. that 
the particular values 


ae*cosy, be’ cos3y, ce cosdy, &e., 


have their origin in the physical problem itself, and have a 
necessary relation to the phenomena of heat. Each of them 
expresses a simple mode according to which heat is established 
and propagated in a rectangular plate, whose infinite sides retain 
a constant temperature. The general system of temperatures 
is compounded always of a multitude of simple systems, and the 
expression for their sum has nothing arbitrary but the coeffi- 
cients a, b, c, d, &e. 


192. Equation (2) may be employed to determine all the 
circumstances of the permanent movement: of heat in a rect- 
angular plate heated at its origin. If it be asked, for example, 
what is the expenditure of the source of heat, that is to say, 
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what is the quantity which, during a given time, passes across 
the base A and replaces that which flows into the cold masses 
B and C; we must consider that the flow perpendicular to the 


axis of y is expressed by —K ee The quantity which during 
the instant dt flows across a part dy of the axis is therefore 

-K 2 dy dt ; 
and, as the temperatures are permanent, the amount of the flow, 
during unit of time, is —K a dy. This expression must be 
integrated between the limits y=—4m and y=+ 47, in order 


to ascertain the whole quantity which passes the base, or which 
is the same thing, must be integrated from y=0 to y= 47, and 


the result doubled. The quantity - is a function of # and y, 


in which x must be made equal to 0, in order that the calculation 
may refer to the base A, which coincides with the axis of y. The 
expression for the expenditure of the source of heat is there- 


fore 2f(-x = dy) . The integral must be taken from y=0 to 


ane reacts 
y =47; if, in the function see 
but «=z, the integral will be a function of # which will denote 
the quantity of heat which flows in unit of time across a trans- 
verse edge at a distance x from the origin. 


x is not supposed equal to 0, 


193. If we wish to ascertain the quantity of heat which, 
during unit of time, passes across a line drawn on the plate 
dy 
dy ’ 
and, multiplying it by the element dx of the line drawn, integrate 
with respect to between the given boundaries of the line; thus 

dv 


the integral | ie i 7 
ul 


whole length of the line; and if before or after the integration 
we make y=47, we determine the quantity of heat which, during 
unit of time, escapes from the plate across the infinite edge C. 
We may next compare the latter quantity with the expenditure 


parallel to the edges B and C, we employ the expression — K 


dur) shews how much heat flows across the 
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of the souree of heat; for the source must necessarily supply 
continually the heat which flows into the masses B and C. If 
this compensation did not exist at each instant, the system of 
temperatures would be variable. 


194. Equation («) gives 


-dv 4K Y s es t 
—K = — (e* cosy —€™ cos 3y +e” cos 5y — &™ cos Ty + &e.); 
y Tt 


multiplying by dy, and integrating from y=0, we have 


_ (e sin y — F e* sin 3y + ze e* sin dy — d é** sin Ty + &e.] : 


(hk 
If y be made = 37, and the integral doubled, we obtain 
SHA) a aie haat le ae ) 
2k ee Fe tee + &e. 


as the expression for the quantity of heat which, during unit of 
time, crossés a line parallel to the base, and at a distance « from 
that base. 


From equation (a) we derive also 


_ Ko = (e* siny —e* sin3y+e™ sin 5y—e™ sin Ty + &e.): 


hence the integral [— K (7) dx, taken from x =0, is 
41 : 3 at 
: cog —e”’)siny —(1—e™) sin3y + (1 — e™) sin 5y 
— (1 — ez) sin Ty + &e.}. 
If this quantity be subtracted from the value which it assumes 
when 2 is made infinite, we find 


Ct eee errr 1 ; 
ae (e “SINY — 9 e ** sin 3y + F e™ sin dy — &e.] ; 


and, on making y=47, we have an expression for the whole 
quantity of heat which crosses the infinite edge C, from the 
point whose distance from the origin is # up to the end of the 
plate ; namely, 

4K B (e i 1 


x e 1 - = 
+ 3e % tet +re™ 4 be), 
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which is evidently equal to half the quantity which in the same 
time passes beyond the transverse line drawn on the plate at 
a distance 2 from the origin. We have already remarked that 
this result is a necessary consequence of the conditions of the 
problem; if it did not hold, the part of the plate which is 
situated beyond the transverse line and is prolonged to infinity 
would not receive through its base a quantity of heat equal to 
that which it loses through its two edges; it could not therefore 
preserve its state, which is contrary to hypothesis. 


195. As to the expenditure of the source of heat, it is found 
by supposing x=0 in the preceding expression; hence it assumes 
an infinite value, the reason for which is evident if it be remarked 
that, according to hypothesis, every point of the line A has and 
retains the temperature 1: parallel lines which are very near 
to this base have also a temperature very little different from 
unity: hence, the extremities of all these lines contiguous to 
the cold masses B and C communicate to them a quantity of 
heat incomparably greater than if the decrease of temperature 
were continuous and imperceptible. In the first part of the 
plate, at the ends near to B or C, a cataract of heat, or an 
infinite flow, exists. This result ceases to hold when the distance 
x becomes appreciable. 


196. The length of the base has been denoted by w. If we 


assign to it any value 2/7, we must write int instead of y, and 


multiplying also the values of # by ae we must write ua 
instead of 2 Denoting by A the constant temperature of the 
base, we must replace v by ri . These substitutions being made 


in the een (a); we have 


4A my _ 8rx Ty 1. bed 5 7Y 
ed 2 cos 57 — 5 cu cos 3 2Y 4 5 é ri cos 3/ 
56 at cos oy + &e.) x eteel =) i 


This equation represents exactly the system of permanent 
temperature in an infinite rectangular prism, included between 
two masses of ice B and C, and a constant source of heat. 
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197. It is easy to see either by means of this equation, or 
from Art. 171, that heat is propagated in this solid, by sepa- 
rating more and more from the origin, at the same time that it 
is directed towards the infinite faces B and C. Each section 
parallel to that of the base is traversed by a wave of heat which 
is renewed at each instant with the same intensity: the intensity 
diminishes as the section becomes more distant from the origin. 
Similar movements are effected with respect to any plane parallel 
to the infinite faces; each of these planes is traversed by a con- 
stant wave which conveys its heat to the lateral masses. 

The developments contained in the preceding articles would 
be unnecessary, if we had not to explain an entirely new theory, 
whose principles it is requisite to fix. With that view we add 
the following remarks. 


198. Each of the terms of equation (2) corresponds to only 
one particular system of temperatures, which might exist in a 
rectangular plate heated at its end, and whose infinite edges are 
maintained at a constant temperature. Thus the equation 
v=e"cosy represents the permanent temperatures, when the 
points of the base A are subject to a fixed temperature, denoted 
by cosy. We may now imagine the heated plate to be part of a 
plane which is prolonged to infinity in all directions, and denoting 
the co-ordinates of any point of this plane by x and y, and the 
temperature of the same point by v, we may apply to the entire 
plane the equation v =e” cosy; by this means, the edges B and 
C receive the constant temperature 0; but it is not the same 
with contiguous parts BB and CC; they receive and keep lower 
temperatures. ‘The base A has at every point the permanent 
temperature denoted by cos y, and the contiguous parts AA have 
higher temperatures. If we construct the curved surface whose 
vertical ordinate is equal to the permanent temperature at each 
point of the plane, and if it be cut by a vertical plane passing 
through the line A or parallel to that line, the form of the section 
will be that of a trigonometrical line whose ordinate represents 
the infinite and periodic series of cosines. If the same curved 
surface be cut by a vertical plane parallel to the axis of a, the 
form of the section will through its whole length be that of a 
logarithmic curve, 
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199. By this it may be seen how the analysis satisfies the 
two conditions of the hypothesis, which subjected the base to a 
temperature equal to cosy, and the two sides B and C to the 
temperature 0. When we express these two conditions we solve 
in fact the following problem: If the heated plate formed part of 
an infinite plane, what must be the temperatures at all the points 
of the plane, in order that the system may be self-permanent, and 
that the fixed temperatures of the infinite rectangle may be those 
which are given by the hypothesis ? 

We have supposed in the foregoing part that some external 
causes maintained the faces of the rectangular solid, one at the 
temperature 1, and the two others at the temperature 0. This 
effect may be represented in different manners; but the hypo- 
thesis proper to the investigation consists in regarding the prism 
as part of a solid all of whose dimensions are infinite, and in deter- 
mining the temperatures of the mass which surrounds it, so that 
the conditions relative to the surface may be always observed. 


200. To ascertain the system of permanent temperatures in 
a rectangular plate whose extremity A is maintained at the tem- 
perature 1, and the two infinite edges at the temperature 0, we 
might consider the changes which the temperatures undergo, 
from the initial state which is given, to the fixed state which is 
the object of the problem. Thus the variable state of the solid 
would be determined for all values of the time, and it might then 
be supposed that the value was infinite. 

The method which we have followed is different, and conducts 
more directly to the expression of the final state, since it is 
founded on a distinctive property of that state. We now proceed 
to shew that the problem admits of no other solution than that 
which we have stated. The proof follows from the following 


_ propositions. 


201. If we give to all the points of an infinite rectangular 
plate temperatures expressed by equation (2), and if at the two 
edges B and C we maintain the fixed temperature 0, whilst the 
end A is exposed to a source of heat which keeps all points of the 
line A at the fixed temperature 1; no change can happen in the 

2 2 
state of the solid. In fact, the equation wot gn being 


F. H. }1 
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satisfied, it is evident (Art. 170) that the quantity of heat which 
determines the temperature of each molecule can be neither 
increased nor diminished. 


The different points of the same solid having received the 
temperatures expressed by equation (a) or v= ¢(z, y), suppose 
that instead of maintaining the edge A at the temperature 1, the 
fixed temperature 0 be given to it as to the two lines B and C; 
the heat contained in the plate BAC will flow across the three 
edges A, B, C, and by hypothesis it will not be replaced, so that 
the temperatures will diminish continually, and their final and 
common value will be zero. This result is evident since the 
points infinitely distant from the origin A have a temperature 
infinitely small from the manner in which equation (a) was 
formed. 


The same effect would take place in the opposite direction, if 
the system of temperatures were v =— ¢(a, y), instead of being 
v= (x, y); that is to say, all the initial negative temperatures 
would vary continually, and would tend more and more towards 
their final value 0, whilst the three edges A, B, C preserved the 
temperature 0, 


202. Let v=¢(a, y) be a given equation which expresses 
the initial temperature of points in the plate BAC, whose base A 
is maintained at the temperature 1, whilst the edges B and C 
preserve the temperature 0, 


Let v=F(ax, y) be another given equation which expresses 
the initial temperature of each point of a solid plate BAC exactly 


the same as the preceding, but whose three edges B, A, C are 
maintained at the temperature 0. 


Suppose that in the first solid the variable state which suc- 
ceeds to the final state is determined by the equation v= ¢ (a, y, t), 
¢ denoting the time elapsed, and that the equation v = (a, y, t) 
determines the variable state of the second solid, for which the 
initial temperatures are F'(z, y). 


Lastly, suppose a third solid like each of the two preceding: 
let v=f(x, y) + F(x, y) be the equation which represents its 
initial state, and let 1 be the constant temperature of the base 
A, 0 and 0 those of the two edges B and C. 
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We proceed to shew that the variable state of the third solid 
is determined by the equation » = (a, y, t) + B(a, y, t). 

In fact, the temperature of a point m of the third solid varies, 
because that molecule, whose volume is denoted by M, acquires 
or loses a certain quantity of beat A. The increase of tempera- 
ture during the instant d¢ is 

A dt, 
the coefficient c denoting the specific capacity with respect to 
volume. The variation of the temperature of the same point in 
the first solid is Bs dt, and EE dé in the second, the letters 
cM cM 

d and D representing the quantity of heat positive or negative 
which the molecule acquires by virtue of the action of all the 
neighbouring molecules. Now it is easy to perceive that A 
is equal to d+ D. For proof it is sufficient to consider the 
quantity of heat which the point m receives from another point 
m’' belonging to the interior of the plate, or to the edges which 
bound it. 

The point m,, whose initial temperature is denoted by /;,, 
transmits, during the instant dt, to the molecule m, a quantity of 
heat expressed by g¢,(f, —f)dt, the factor g, representing a certain 
function of the distance between the two molecules. Thus the 
whole quantity of heat acquired by m is =q,(f,—f)dt, the sign 
= expressing the sum of all the terms which would be found 
by considering the other points m,, m,, m, &c. which act on m; 
that is to say, writing q,,f, or 5 fg. OF J» J, and so on, instead of 
q» J, In the same manner 3q,(/,— F')dt will be found to be 
the expression of the whole quantity of heat acquired by the 
same point m of the second solid; and the factor q, is the same 
as in the term X¢,(f, —f)dt, since the two solids are formed of 
the same matter, and the position of the points is the same; we 
have then 

d= 29(f,—f)dt and D=%q,(F, — F dt. 
For the same reason it will be found that 
A= 2q {44 FF, - (f+ Pjdt; 


A d ib 
hence A=d+D and oy = cart cat’ 


11—2 


164 THEORY OF HEAT. [CHAP. III. 


It follows from this that the molecule m of the third solid 
acquires, during the instant dt, an increase of temperature equal 
to the sum of the two increments which the same point would 
have gained in the two first solids. Hence at the end of the 
first instant, the original hypothesis will again hold, since any 
molecule whatever of the third solid has a temperature equal 
to the sum of those which it has in the two others. Thus the 
same relation exists at the beginning of each instant, that is to 
say, the variable state of the third solid can always be represented 
by the equation 


v= g(x,y) + P(e, y, ?). 


203. The preceding proposition is applicable to all problems 
relative to the uniform or varied movement of heat. It shews 
that the movement can always be decomposed into several others, 
each of which is effected separately as if it alone existed. This 
superposition of simple effects is one of the fundamental elements 
in the theory of heat. It is expressed in the investigation, by 
the very nature of the general equations, and derives its origin 
from the principle of the communication of heat. 


Let now v= ¢(z, y) be the equation (a) which expresses the 
permanent state of the solid plate BAC, heated at its end A, and 
whose edges B and C preserve the temperature 1; the initial state 
of the plate is such, according to hypothesis, that all its points 
have a nul temperature, except those of the base A, whose tem- 
perature is 1. The initial state can then be considered as formed 
of two others, namely: a first, in which the initial temperatures are 
— $(@, y), the three edges being maintained at the temperature 0, 
and a second state, in which the initial temperatures are + }(z,y), 
the two edges B and C preserving the temperature 0, and the 
base A the temperature 1; the superposition of these two states 
produces the initial state which results from the hypothesis. It 
remains then only to examine the movement of heat in each one 
of the two partial states. Now, in the second, the system of tem- 
peratures can undergo no change; and in the first, it has been 
remarked in Article 201 that the temperatures vary continually, 
and end with being nul. Hence the final state, properly so called, 
is that which is represented by v = ¢ (a, y) or equation (a). 
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If this state were formed at first it would be self-existent, and 
it is this property which has served to determine it for us. If the 
solid plate be supposed to be in another initial state, the differ- 
ence between the latter state and the fixed state forms a partial 
state, which imperceptibly disappears. After a considerable time, 
the difference has nearly vanished, and the system of fixed tem- 
peratures has undergone no change. Thus the variable temper- 
atures converge more and more to a final state, independent of 
the primitive heating. 


204. We perceive by this that the final state is unique; for, 
if a second state were conceived, the difference’ between the 
second and the first would form a partial state, which ought to be 
self-existent, although the edges A, B, C were maintained at the 
temperature 0. Now the last effect cannot occur; similarly if we 
supposed another source of heat independent of that which flows 
from the origin A; besides, this hypothesis is not that of the 
problem we have treated, in which the initial temperatures are 
nul. It is evident that parts very distant from the origin can 
only acquire an exceedingly small temperature. 

Since the final state which must be determined is unique, it 
follows that the problem proposed admits no other solution than 
that which results from equation (2). Anothér form. may be 
given to this result, but the solution can be neither extended nor 
restricted without rendering it inexact. 

The method which we have éxplained in this chapter consists 
in forming first very simple particular values, which agree with 
the problem, and in rendering the solution more general, to the 
intent that v or ¢ (w, y) may satisfy three conditions, namely: 


oat gen A oped ae Pin) =0. 

It is clear that the contrary order might be followed, asid the 
solution obtained would necessarily be the same as the foregoing. 
We shall not stop over the details, which are easily supplied, 
when dnce the solution is known. We shall only give in the fol- 
lowing section a remarkable expression for the function ¢ (2, y) 


whose value was developed in a convergent series in equation (a). 
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SECTION V. 
Finite expression of the result of the solution. 


205. The preceding solution might be deduced from the 
> 72 2 
integral of the equation ee ol Say which contains imaginary 
da* dy 
quantities, under the sign of the arbitrary functions. We shall 
confine ourselves here to the remark that the integral 


v=o(a@t+y/—1)+¥(e-y —1), 
has-a manifest relation to the value of v given by the equation 


7 =€* cos : é 
om vues 

In fact, replacing the cosines by their imaginary expressions, 
we have 


—8it 


cos 3y = e°** cos 5y — &e. 


1 


TV = = Lee = a =j 
ey hee 5 e 3(a-y V=1) ae ze 5(z-YV=1) _ eo. 


2 
~ aa 1 as Sy 1 = ona 
tery 3° eee) BE 3¢ Sey ee 


The first series is a function of x—y,/—1, and the second 
series is the same function of #+ yd eK S 


Comparing these series with the known development of arc tan z 
in functions of z its tangent, it is immediately seen that the first 


is are tane*Y™, and the second is arc tane’%; thus 
equation (a) takes the finite form 


Tv x = See oR 
SS arc tan eV) 4 are tan eH) «cece eeee (B). 


In this mode it conforms to the general integral 
v=o(atyd —1) 4+ (e@-yJ—])......... (A), 
the function ¢ (z) is arc tan e“, and similarly the function » (z). 
1D, F. Gregory derived the solution from the form 


d : d 
v=COs (vz) ¢ (#) +sin (a) y (x). 
Camb. Math. Journal, Vol. 1. p. 105. [A. F.] 
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If in equation (B) we denote the first term of the second mem- 
ber by p and the second by gq, we have 


1 NS 
gTI=ptg, tanp=e env tan g =e; 


tanp+tang —2e”cosy_ 2cosy 
whence tan (p+q) oan Tiney fo pe 


eC er 


whence we deduce the equation ee = are tan (: ey ) ee (C). 


This is the simplest form under which the solution of the 
problem can be presented. / 


206. This value of v or ¢ (a, y) satisfies the conditions relative 

to the ends of the solid, namely, ¢ (x, + 47) = 0, and ¢ (0, y)=1; 
2 2 

it satisfies also the general etyeuos os + Tp = 0, since equa- 

tion (C) is a transformation of equation (B). Hence it represents 

exactly the system of permanent temperatures; and since that 

state is unique, it is impossible that there should be any other 
solution, either more general or more restricted. 


The equation (C) furnishes, by means of tables, the value of 
one of the three unknowns 4, a, y, when two of them are given;” it 
very clearly indicates the nature of the surface whose vertical 
ordinate is the permanent temperature of a given point of the 
solid plate. Finally, we deduce from the same equation the values 


of the differential coefficients S and a which measure the velo- 


city with which heat flows in the two orthogonal directions; and 
we consequently know the value of the flow in any other direction. 
These coefficients are expressed thus, 


ote 5 06 eT BES ) 
C dil eae ‘ 


as 2 sin Base ) 
dye: eras 2y +e °*)° 


It may be remarked that in Article 194 the value of aa and 


dv 


that of a 


are given by infinite scries, whose sums may be easily 


\ 
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found, by replacing the trigonometrical quantities by imaginary 
exponentials. We thus obtain the values of o and oe which 


we have just stated. 


The problem which we have now dealt with is the first which 
we have solved in the theory of heat, or rather in that part of 
the theory which requires the employment of analysis. It 
furnishes very easy numerical applications, whether we make 
use of the trigonometrical tables or convergent series, and it 
represents exactly all the circumstances of the movement of 
heat. We pass on now to more general considerations. 


SECTION VI. 
Development of an arbitrary function in trigonometric series. 


207. The problem of the propagation of heat in a rect- 

oe OY AG 

angular solid has led to tl tion =3+55 
angular solid has led to 3 equation “3+ ay? 
be supposed that all the points of one of the faces of the solid 
have a common temperature, the coefficients a, 6, c, d, etc. of 


the series 


=); -andvif 0 


acosx+6cos38x+ccos5a+dcos7x+4+... &c., 


must be determined.so that the value of this function may be 
equal to a constant whenever the arc @ is included between — 42 
and +37. The value of these coefficients has just been assigned; 
but herein we have dealt with a single case only of a more general 
problem, which consists in developing any function whatever in 
an infinite series of sines or cosines of multiple arcs. This 
problem is connected with the theory of partial differential 
equations, and has been attacked since the origin of that analysis. 
It was necessary to solve it, in order to integrate suitably the 
equations of the propagation of heat; we proceed to explain 
the solution. ; 

We shall examine, in the first place, the case in which it is 
required to reduce into a series of sines of multiple arcs, a 
function whose development contains only odd powers of the 
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variable. Denoting such a function by ¢(x), we arrange the 
equation 
¢ (x) =a sin 2+) sin 27+ sin 3a +d sin 42+ ... &c., 


in which it is required to determine the value of the coefficients 
a, b, c, d, &c, First we write the equation 


$ (a) = xp’ (0) + 5 $" (0) + i ¢” (0) + i $" (0) + 5 $'(0) +...&e., 


in which ¢'(0), $”(0), $”(0), (0), &c. denote the values taken 
by the coefficients 


dd (x) 
dx 


’ 


Po (0) able) able) ¢ 
Ger dae dae | tae! 

when we suppose =0 in them. Thus, representing the develop- 

ment according to powers of « by the equation 


ne oe — &e., 
we have g(0)=0, and ¢(0)=4, 
$"(0)=0, g"() =B, 
$" (0) = 0, ¢' (0) =¢, 
$" (0) = 9, $" (0) =D, 
&e &e 


If now we compare the preceding equation with the equation 
$(x) =a sine+ 6 sin 22+c¢ sin 3x+d sin 4x%+e sin 5x4 &e,, 


developing the second member with respect to powers of x, we 
have the equations 


A=a+26 +3c +4d +5e + &., 
B=a+2b4+ 3% + 49d + 5%e + &e., 
C=a4+ 2%4+ 3'c4+ 4d + 5°e + &c., 
D=a+27b+ 3'c+ 4d + 5'e 4+ &e., 
E=a+2b+4+ 3'c+ 4d + 5% + &e. wo. eee (a). 


These equations serve to find the coefficients a, }, ¢, d, e, 
&c., whose number is infinite. To determine them, we first re- 
gard the number of unknowns as finite and equal to m; thus 
we suppress all the equations which follow the first m equations, 


170 THEORY OF HEAT. [CHAP. III. 


and we omit from each equation all the terms of the second 
member which follow the first m terms which we retain. The 
whole number m being given, the coefficients a, 5b, ¢, d, e, &c. have 
fixed values which may be found by elimination. Ditferent 
values would be obtained for the same quantities, if the number 
of the equations and that of the unknowns were greater by one 
unit. Thus the value of the coefficients varies as we increase 
the number of the coefficients and of the equations which ought 
to determine them, It is required to find what the limits are 
towards which the values of the unknowns converge continually 
as the number of equations increases. These limits are the true 
values of the unknowns which satisfy the preceding equations 
when their number is infinite. 


208. We consider then in succession the cases in which we 
should have to determine one unknown by one equation, two 
unknowns by two equations, three unknowns by three equations, 
and so on to infinity. 


Suppose that we denote as follows different systems of equa- 
tions analogous to those from which the values of the coefficients 
must be derived : 


a,=A,, a, + 2b, = A,, a,+2b, + 3c, =<A,, 
a,+ 2°, =B.,, a, + 2°, + 3°c, = B,, 
a, + 2°b, +3°c, =C,, 
a,+2b, +3c, + 4d, =A, 
a, + 2°b, + 3°c, + 4°d, = B,, 
a, + 2°b,+ 3°c, + 4°d, =C,, 
a,+2'b,+.3'c,+4d,=D,, 
a,+ 2b, + 3c, + 4d, +5e, =A,, 
a, + 2°b, + 3°c, + 4°d,+ 5°e,=B., 
a, + 2°b, + 3°c, + 4°d, + 5°e, = C,, 
a, + 2°, + 3'c, + 4d, + 52, = D., 
a, + 2°, + 3'c, + 4°d, + 5°e, = E,, 
&e, ROD Kee vinaes (0). 
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If now we eliminate the last unknown e, by means of the 
five equations which contain 4,, B,, C,, D,, E,, &c., we find 


a, (5°— 1) + 2b, (5°— 2%) + 80, (5*— 8°) + 4d, (5? — 4°) =5°4,— B,, 
a, (5*—1*) 42%, (5"— 2") + 8°, (5"— 3") + 4d, (5° — 4") =5°B,— C,, 
a, (5? — 1°) + 2°, (5? — 2°) + 8°, (5*— 8”) + 4d, (5? — 4°) = 5°C, — D,, 
a, (5"— 1°) + 2°, (5*— 2") + 8%, (5*— 8") + 4'd, (5*— 4") =5°D, — E.. 


We could have deduced these four equations from the four 
which form the preceding system, by substituting in the latter 
instead of 


a, (5°-T’)a,, 

b,, (5?— 2?) b,, 

C,, (3 =3°) ¢;, 

eke =) 0; 

and instead of Ay bd B,, 
Bo gop Cl; 

C,, 3°C,—-D,, 

D,, 8D,—£,. 


By similar substitutions we could always pass from the case 
which corresponds to a number m of unknowns to that which 
corresponds to the. number m+1. Writing in order all the 
relations between the quantities which correspond to one of the 
cases and those which correspond to the following case, we shall 
have 


a, =a, (2°—1), 

a, =a, (3?—1), b,=b, (3’— 2°), 

a,=a,(4°—1), b, =), (4°— 2”), c,=c, (4°— 8°), 

a,=a, (57-1), b,=6,(5°— 2"), c¢,=0,(5°—3"), d,=d,(5°—#), 

a,=a,(6?—1), b=, (6’—2"), c,=c,(6’— 3"), d,=d, (6’— 4"), 
e, = e, (6° — 5”), 


&e. CoC Mal ahenea dis erateg teeth ses (c). 
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We have also 
A, =2A,-—B8,, 
A,=38A,—-B,, B,=3B,—C,, 
A,=44,-B,, B,=4B,—C,, C,=4C,—D,, 
4A,=54,—B,, B,=5B,—C,, C,=5C,-D,, D,=5D,— E,, 
&e. KOR cede seebataeesene eee (d). 


From equations (c) we conclude that on representing the un- 
knowns, whose number is infinite, by a, b, c, d, e, &c., we must 
have 


a, 

“* @=T) @=1) @=-1 (@=1)...’ 
b= b, 

7 Ga) BaD Saye 

C, 

o~ (42 = 3) (aS (6 =a a eee 
d= d, 4 

a CEE Ge Diy gey Ge Sy 

&e. Renee Berm Acrd (e). 


209. It remains then to determine the values of a,, b,, ¢,, 
d,, e,, &c.; the first is given by one equation, in which A, enters; 
the second is given by two equations into which A,B, enter; the 
third is given by three equations, into which A,B,C, enter; and 
soon. It follows from this that if we knew the values of 


A.V ABCA CSA RD eee 


we could easily find a, by solving one equation, a,b, by solving 
two equations, a,b,c, by solving three equations, and so on: after 
which we could determine a, 6, c, d, e, &c. It is required then 
to calculate the values of 


Aj A;B,, A,B, AB. CU. <4 1.0 Dee ate 


"4°" 4? 5 Bio S 


by means of equations (d). Ist, we find the value of A, in 
terms of A, and B,; 2nd, by two substitutions we find this value 
of A, in terms of A,B,C,; 3rd, by three substitutions we find the 
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same value of A, in terms of A,B,C,D,, and so on. The successive 
values of A, are 
A,=A,2°—- B,, 
A, = A,2’. 3? — B, (2° + 3’) + C,, 
A, =A,2°. 3". 4° — B, (2°. 8% + 2°, 48 43°. 4) 4.0, (2° 4.3?4.4%) — D,, 
A, = A,2°. 3", 4°, 5? — B, (2°. 3°. 4? 4 97. 3°, 574 27, 48, 584.3%, 42, 52) 
+ C, (2?, 3? + 2°. 4? 4 2? 5? + 37.4?+4 37.574 47.57) 
— D,(2?4+ 34+ 44+ 5°)+£,, &e., 
the law of which is readily noticed. The last of/these values, 
which is that which we wish to determine, contains the quantities 
A, B, OC, D, E, &c., with an infinite index, and these quantities 
are known; they are the same as those which enter into equa- 
tions (a). 
Dividing the ultimate value of A, by the infinite product 
Dd Aes Os On. ORS 
we have 


1 1 
A Bs: + 


1 
saa + &e. 
4 t pt c) 


te elites 1 1 
gtpt pte) + C (amt » 
1 a 1 
-D (sg tocgeet ag rt &) 

1 1 
37. 475 OF oe 
The numerical coefficients are the sums of the products which 
could be formed by different combinations of the fractions 


1 ur 1 1 1 
ike Op Be 52? 6? eee &e., 


+E ( at &e.) ag 


: . 1 
after having removed the first . fraction ee If we represent 


the respective sums of products by P,, Q,, #,, S,, 7,,... &, and 
if we employ the first of equations (e) and the first of equa- 
tions (b), we have, to express the value of the first coefficient a, 
the equation 
a (2? —1) (3?—1) (47-1) (8-1)... 

Pe cise 


=A—BP,+0Q,— DR, + ES, — &e., 
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now the quantities P,, Q,, R,, 8,, 7,... &e. may be easily deter- 
mined, as we shall see lower down; hence the first coefficient a 
becomes entirely known. 


210. We must pass on now to the investigation of the follow- 
ing coefficients b, ¢, d, e, &c., which from equations (e) depend on 
the quantities b,, ¢,, d,, e,, &c. For this purpose we take up 
equations (b), the first has already been employed to find the 
value of a,, the two following give the value of b,, the three 
following the value of ¢,, the four following the valtie of d,, and 
so on. 


On completing the calculation, we find by simple inspection 
of the equations the following results for the values of b,, ¢,, 4, 


&e, 
2b, (17-2) =A 1°— B,, 
8c, (1? — 3°) (22— 3") = 4,1’. 2°— B, (17+ 2) +C, 
Ad, (12 — 4%) (28 — 4%) (3— 4?) 
= A]? 2°. 3° B.(1*, 2° 17, 3°4 9 39) + C00? 39 ee 
&e. 


. Itis easy to perceive the law which these equations follow; 
it remains only to determine the quantities A,B,, A,B,C,, 
ABC 5 &e: 

Now the quantities A,B, can be expressed in terms of 4,B,C,, 
the latter in terms of A,B,C{D,. For this purpose it suffices to 
effect the substitutions indicated by equations (d) ; the successive 
changes reduce the second members of the preceding equations 
so as to contain only the ABCD, &c. with an infinite suffix, 
that is to say, the known quantities ABCD, &c. which enter into 
equations (a); the coefficients become the different products 
which can be made by combining the squares of the numbers 
1°2°3°4°5" to infinity. It need only be remarked that the first 
of these squares 1° will not enter into the coefficients of the 
value of a,; that the second 2? will not enter into the coefficients 
of the value of 6,; that the third square 3° will be omitted only 
from those which serve to form the coefficients of the value of 0; 
and so of the rest to infinity. We have then for the values of 
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b,c,d,e,, &c , and consequently for those of écde, &c., results entirely 
pe lesous to that which we have-found above for the value of 
the first coefficient a,. 


211. If now we represent by P,,Q,, P,, S,, &c., the quantities 


rae 
2 3? 4? 5? 
Ne ee 
DSL Aa eed 8 85" 
ee We nO RY, 
a es 
1 he 1 
eee ee eG 
&e., 

3 on Be Eeee Lie 
which are formed by combinations of the fractions Pg RP 
2 4 ... &. to infinity, omitting = the second of these fractions 
we have, to determine the value of b,, the equation 

1? — 2? 
2b, rae et A — BP, + CQ, — DR, + ES, — &c. 


Representing in general by P,Q F,S,... the sums of the 
products which can be made by combining all the fractions 
eels itt I 
TOO ae eta ae 
only; we have in general to determine the quantities a,, b,, c, 
Ua pares &c., the following equations: 


to infinity, after omitting the fraction = 
2. 


1 
A—BP,+ CQ, -— DR, + LS, — &e. = oF oe 4 Be? 
EGE 09 DR. + BS. = be, = 95, 2 


alice OEY 4? et ’ 

Groes Ors 

celia tA Gs 

Le 47) (8 = 4) (9? — 4" 
(EOS ee ae ae 


A—BP,+ CQ,— DR, + ES, — &e. = 3¢ 


A— BP, +00,-DR, + ES, — &e. = 4d, | 
&e. 
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212. If we consider now equations (e) which give the values 
of the coefficients a, b, c, d, &c., we have the following results : 


(EP) (8 = 1) (# = 1) (8-1)... 
OF. 37. 4, 5... 
—-A—BP + CO, — DR, 4.08 —&en 


ob (Al? ai 2?) (3? — Za) ( (4 cae 2) ) (3 — 2)... 
PS Ars Oe. 
= A—BP,+ CQ, — DR, + ES, - &e., 


3¢ (1? — 8°) (2° — 3°) (4° — 8”) (5% 3°) ... 
€ 1”, 2, 42. 5*... 
= A—BP,— CQ,— DR, + ES, — &e, 


aq it 4°) (2? — 4°) (3? — 4°) (57 — 4°) ... 
eat Oo ee 
= A— BP, + CQ, - DR, + ZS, — &e., 
&e. 


Remarking the factors which are wanting to the numerators 
and denominators to complete the double series of natural 
numbers, we see that the fraction is reduced, in the first equation 


Donk f yes eh i Ba te 
toy-g5im the second to — 5 +g in the third to 5. g; in the 


so that the products which multiply a, 28, 3c, 


4 4 
fourth to yl "3? 


4d, &c., are alternately : and — = It is only required then to 


find the values of P,Q,2,S,, hOR S,, P,Q,R, 8, &e. 


22? 33? 


To obtain them we may remark that we can make these 
values depend upon the values of the quantities PQRST, &c, 
which represent the different products which may be formed 
1 Fenn el ee Ths 


: t 1 
with the fractions TP? ob RP Ga @ 


&e., without omit- 
ting any. 


With respect to the latter products, their values are given 
by the series for the developments of the sine. We represent 
then the series 
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eae ere wea 
pretgyte 
ip e teen ladle In 
Pet pst Ee Pt og t oo get 3, 
1 1 1 1 

2s Peet pg et ee 

1 Bl AR 

123°) FS eS 

by P,Q, B, S, &e. 


1 
a Bi + &e. 
1 
es ar ga t &e. 


+ &e. 


Tao ot & 


5 
The series sinz=a2“— eae atte 


furnishes the values of the quantities P, Q, R, S, &c. In fact, the 
value of the sine being expressed by the equation 


; 2 xv x x x 
sine =2(1— g553)(1—ai)(1~ara)(1~ are) (1a) 8 


we have 


C3 4 6 
pa 
— + &, 


BBE 
nom x a a" 
= (1~ ges) (1- ges) (1- gps) (1-arpe) 
Whence we conclude at once that 


4 6 8 
Q= 1 B=7, S= 7» de 


ies 


Tr 
Y 6 #16 ’ 
213. Suppose now that P,,Q,, #,, S,, &c, represent the 
sums of the different products which can be made with the 
fractions age gatiack af 
ae 93? Bey Ae? 5? ? 
has been removed, m being any integer whatever; it is required 
to determine P,, Q,, R,, S,, &c., by means of P, Q, R, S, &. If 
we denote by 


&c., from which the fraction 2 
v 


1—g¢P,,+7Q,—-78, + 78, — &., 
the products of the factors 


(-8)(1-2) 6-2) 0-)& 


12 


\ 
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among which the factor ( - 4) only has been omitted ; it follows 


that on multiplying by (1 - 4) the quantity 


1-9P,+97Q,- 7h, + 7S, — &e., 
we obtain 1-9gP+7Q-7k+q'8— &. 


This comparison gives the following relations : 


P,+4=P, 
1 
Qt 3 l=, 
] 
fi, + 3, =&, 
1 
S, + ak, =§, 
&e. ; 
pepe 
or mts ea 
1 1 
Q.= Ota, 
1 1 1 
iat Pn Dar 
1 1 1 1 
eg Semrpee eave rnd eae ak 
&e. 


Employing the known values of P, Q, R, S, and making n 
equal to 1, 2, 3, 4, 5, &c. successively, we shall have the values of 
P,Q,R,S,, &c.; those of P,Q.R,S,, &c.; those of P,Q,R,S,, &e. 

214, From the foregoing theory it follows that the values 
of a, b, c, d, e, &., derived from the equations 

a+2b+8c +4d +5e +&.=A, 

a+ 2°b+3'c + 4d + 5'e+ &.= SB, 

a+2°b + 3'c+ 4d + 5'e+&.=C, 

a+ 274+ 3'c+ 4d + 5’e+ &. =D, 

a+ 2° + 3°c + 4°d + 5°e + &e. = E, 
&e., 
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are thus expressed, 


: a=A-B(q-) +0(T@- 474 I) 


Eon) Op rp tT 
_p(@_im int 
D(G-aptre 7 


1 
-3%=4-B(E #)+°(5-3 5 +e) 
g8o=A—B( Ea) + O(a tH) 
+E(G-s pte 3 pts) &e. 
~}4d=4 B(E ea as z) 
me HES 


8 6 4 
+2 (E- Dog maeal ore as 


&e. 


215. Knowing the values of a, 8, c, d,e, &c., we can substitute 
them in the proposed equation 


¢ («) =a sing + sin2e+c sinde+d sin 4x+e sin 5a+ &., 


and writing also instead of the quantities A, B,C, D, E, &c., their 
12—2 
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values $’ (0), 6””(0), $7(0), (0), (0), &c., we have the general 


a 
so)= sin of¥ O49" (G-p)+¢O(E TEETH) 


qe oe btn EAE 
aries pte} 


"O(f 
eae \(%-3 3)+9O(5 -35 2) 
& 


+s 
a 


a a foge 2 ie 1 
Oe as Hee 
+r a: A or? ot 
+5 sin dx \@ (0)+¢"" (0) (- 7) + ¢’ (0) (5 = 3B AF =) 
a a. Choe dat 1 f 
+¢" (0) |7 35 + 33 sae) 


—F sin te {9 (0) +6” (0) fe z) +4°(0 (5-4 -z gta are a) 
5 (F 25 +P a -#) +e}; 
+ &c. 


We may make use of the preceding series to reduce into 
a series of sines of multiple arcs any proposed function whose 
development contains only odd powers of the variable. 


216. The first case which presents itself is that in which 
¢ (a) =a; we find then ¢’ (0) =1, $’’ (0) =0, ¢"(0) =0, &c., and so 
for the rest. We have therefore the series 


1 ‘ A gee: Ly i Fer 
5u=sine—5 sin 2x +5 sinde—7Z sin 4a + &e., 


which has been given by Euler. 
If we suppose the proposed function ta be 2°, we shall have 


$ (0) =0, $0) =|3, $70) =0, $"(0) =0, &e., 
which gives the equation 


sas ( — Ft) sina (x? — &) } sin 204 (x ~ ) hein Su + be 
(A). 
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We should arrive at the same result, starting from the pre- 
ceding equation, 


Be ai ain on te an Pale ayers wns 


2 2 3 4 


In fact, multiplying each member by da, and integrating, we 
have 


re con Or cos 82 — J, cos 4a + &e. ; 


4 v4 3 
the value of the constant C is 
1 1 pe 
ee : 


TT 
a series whose sum is known to be 5 2 Multiplying by dz the 
two members of the equation 
la 2 1 
518 Bo 4 = COS # — 53 COS Qn + 5 cos 3x — &c., 
and integrating we have 
27 2 B = sin » — 5, sin 2a + 5; sin Ba — &e. 

If now we write instead of aw its value derived from the 

equation 


Re i on asin One ain dn 4 Bo, 


2 2 3 4 
we oo obtain the same equation as above, namely, 
a ina (7-4) —5 sin2 He =) + 5 sin 80 ( — #7 &e, 
pan! mien? “(3 Dy Bas 


We could arrive in the same manner at. the development in 
series of multiple arcs of the powers 2’, 2’, x, &c., and in general 
every function whose development contains only odd powers of 
the variable. 


217. Equation (A), (Art. 216), can be put under a simpler 
form, which we may now indicate, We remark first, that part of 
the coefficient of sin x is the series 


$'(0) + 3 $”"(0) + i $1(0) + 7 $" (0) + &c, 
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which represents the quantity * b(n). In fact, we have, in 


general, 
$e) = 6) +a8 +5 HO +5 HO +E" 
+ &e. 


Now, the function ¢(#) containing by hypothesis only odd 
powers, we must have $(0) =0, $’(0) =0, ¢"(0)=0, and so on. 
Hence 


(2) =p OYE $0) +5 90) + es 


a second part of the coefficient cf sinx is found by multiplying 
1 d 
by - 5 the series 


$"O)+T $0) +O") +7 $°(0) + Be, 


whose value is * 9" (7). We can determine in this manner the 


different parts of the coefficient, of sinw, and the components of 
the coefficients of sin 2a, sin 32, sin 4a, &. We may employ for 
this purpose the equations: 


HO) +E $0) +580) + &=2 O(n); 
#'O)+E $0) +560) + ba Lg" mn); 
$0) +5 $0) + $0) + ka = 1 gm) 


"(0 +7 HO) + $0) + 80 =F oC) 
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By means of these reductions equation (A) takes the following 
form : 


1 : 

5 (2) = sin 2 {4 (m) — 35 6" (wr) +566") — 75 O(n) + et 
— 5 sin 22 16 (an) — 5 6") +539" (m) — 35 6"(n) + ef 
+ 5 sin 30 {6 (m) — 5 8") + 39" (w)— Jo 6'(n) + ea 


— 48nd {8 (@) — 9") + RH") — BO) + bo} 
+ &e. (B); 


or this, 


1 3 ; : 
5 TO (2) = $ (77) {sine sin 20 + = sin 3a — &e. 


— $” (1) {sin x 7 sin 2a + x sin 3a — &e. 


+ $" (7) {sin e— 5 &— 3; sin 2x + - sin 3x — &e. 


ey ey Ce 


" (7) {ine — x—s, sin 24+ i sin 32 — &e. 
+ &¢. (C). 


218. We can apply one or other of these formule as often as 
we have to develope a proposed function in a series of sines of 
multiple ares. If, for example, the proposed function is e”— e™, 
whose development contains only odd powers of x, we shall have 
Lee Ce ( 


: LL. t Nes 
= 5 ice ai 


er 
1 
— (sin &— Ss sin 27+ 33 “ sin 38a — &e. 


+ (sina 55 sin as sin 3x — &c. ) 


— (sin L— = sin 2a ne ; sin 8a” — &e. 


+ &e. 
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Collecting the coefficients of sin a, sin 2a, sin 3a, sin 4a, &c., 
bMS tered | 


2 : 1 ? n 
and writing, instead of Pogs Tae yen etc., its value wai’ ve 
have 
1 —e )e sing sin 2x | sin bug 
Deer" iat oy 4 341 
1 2 3 


We might multiply these applications and derive from them 
several remarkable series. We have chosen the preceding example 
because it appears in several problems relative to the propagation 
of heat. 


219. Up to this point we have supposed that the function 
whose development is required in a series of sines of multiple 
arcs can be developed in a series arranged according to powers 
of the variable x, and that only odd powers enter into that 
series. We can extend the same results to any functions, even 
to those which are discontinuous and entirely arbitrary. To esta- 
blish clearly the truth of this proposition, we must follow the 
analysis which furnishes the foregoing equation (B), and examine 
what is the nature of the coefficients which multiply sina, 


sin 2x, sin 382, &c. Denoting by - the quantity which multiplies 


nee : ; : ite: : 
sin na in this equation when n is odd, and ——sin nz when n is 
2 n 


even, we have 
Ta Lie ioe 
s= (1) —a h (wm) +h" (mt) — 3 h"(m) + &e. 


Considering s as a function of 7, differentiating twice, and 
comparing the results, we find s+ 55 = $n); an equation 
which the foregoing value of s must satisfy. 

Now the integral of the equation s a = = (x), in which s 
is considered to be a function of a, is 


s=acosnat+b sinnzx 


+n sin nx i cos nx p (x) dx — n cos nx | sin nv d (a) dav. 
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If n is an integer, and the value of is equal to 7, we have 
s=tn | ¢ (x) sinnadx. The sign + must be chosen when n is 


odd, and the sign — when that number is even. We must make 
x equal to the semi-circumference 7, after the integration in- 
dicated; the result may be verified by developing the term 


| ¢ (x) sin nx dx, by means of integration by parts, remarking 
that the function ¢(x) contains only odd powers of the vari- 
able x, and taking the integral from 2=0 to x=7. 


We conclude at once that the term is equal to 
so es 1 1 
£ br) 26) + OC) — 9") + 59) — bo. 


n* 
If we substitute this value of = in equation (B), taking the 
sign + when the term of this equation is of odd order, and the 


sign — when z is even, we shall have in general i (x) sin nxdx 


for the coefficient of sinnz; in this manner we arrive at a very 
remarkable result expressed by the following equation: 


57H) = sine [sin x(x) dx + sin 22 [sin 22 (a) da + &e, 
+sin tx [sin tx g (x) Peewee). 


the second member will always give the development required 
for the function $(a), if we integrate from «=0 to w=" 


1 Lagrange had already shewn (Miscellanea Taurinensia, Tom, 11., 1766, 
pp. 260—1) that the function y given by the equation 


y=2(E Be sin X,r AX) sinaw +2 a Y, sin 2X,-m AX) sin 2em 


+2 (5 Y, sin 3X, AX) sin 8ar +... +2 (2 Y,sinnX,e AX) sin new 
r=1 - r=1 
receives the values Y,, Y,, Y3...Y, corresponding to the values X,, X,, X3...X, of 
r 

x, where > rarer] , and AX=— 4 “ 

Lagrange however abstained from the transition from this summation-formula 
to the integration-formula given by Fourier. 

Cf. Riemann’s Gesammelte Mathematische Werke, Leipzig, 1876, pp. 218—220 
of his historical criticism, Ueber die Darstellbarkeit einer Function durch eine 
Trigonometrische Reihe. [A. F.] 
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220. We see by this that the coefficients a, b, ¢, d, e, f, &c., 
which enter into the equation 


5d (2) =a sinz+bsin2a+csin3x+d sin4x + &e., 


and which we found formerly by way of successive eliminations, 
are the values of definite integrals expressed by the general term 


| sin ix } (x) dx, ¢ being the number of the term whose coefficient 


is required. This remark is important, because it shews how even 
entirely arbitrary functions may be developed in series of sines 
of multiple arcs. In fact, if the function ¢ (zx) be represented 
by the variable ordinate of any curve whatever whose abscissa 
extends from «=0 to e=7, and if on the same part of the axis 
the known trigonometric curve, whose ordinate is y=sina, be 
constructed, it is easy to represent the value of any integral 
term. We must suppose that for each abscissa x, to which cor- 
responds one value of ¢(a), and one value of sinw, we multiply 
the latter value by the first, and at the same point of the axis 
raise an ordinate equal to the product ¢(x%) sina. By this con- 
tinuous operation a third curve is formed, whose ordinates are 
those of the trigonometric curve, reduced in proportion to the 
ordinates of the arbitary curve which represents ¢(xz). This 
done, the area of the reduced curve taken from 2=0 to v=7 
gives the exact value of the coefficient of sinaz; and whatever 
the given curve may be which corresponds to ¢ Gy whether we 
can assign to it an analytical equation, or whether it depends on 
no regular law, it is evident that it always serves to reduce 
in any manner whatever the trigonometric curve; so that the 
area of the reduced curve has, in all possible cases, a definite 
value, which is the value of the coefficient of sin z in the develop- 
ment of the function. The same is the case with the following 


coefficient 5, or | ¢$ (x) sin Qaeda. 


In general, to construct the values of the coefficients a,b, c, d, &c., 
we must imagine that the curves, whose equations are 


y=sne, y=sin2e, y=sin3x, y=sin 4a, &c., 


have been traced for the same interval on the axis of x, from 
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x=0 to x=7; and then that we have changed these curves by 
multiplying all their ordinates by the corresponding ordinates of 
a curve whose equation is y=@(a). The equations of the re- 
duced curves are 


y=snegd(x) y=sin2ed(e), y=sin3rg(z), &c. 


The areas of the latter curves, taken from 2=0 to x=7, 
are the values of the coefficients a, 6, c, d, &c., in the equation 


5 $(z) =a sina+6 sin 2x+¢ sin 3x+d sin 4a + &c. 
vA 


221. We can verify the foregoing equation (D), (Art. 220), 
by determining directly the quantities a@,, a,, a,, ....a,, &c., in the 
equation 


$ (x) =a, sinw +a, sin 2x +a, sin 3x+...a, sinjx+ &e; 


for this purpose, we multiply each member of the latter equation 
by sin za dx, 7 being an integer, and take the integral from «=0 
to «=, whence we have 


[¢@ sin iv da = a, {sina sin tx da + a, [sin 2 sin t@ da + &e. 
+a, [sin jx sin tv da +... &e. 


Now it can easily be proved, Ist, that all the integrals, which 
enter into the second member, have a nul value, except only the 


term a, i sin ta sin ixda; 2nd, that the value of |sinzz sin ixdzx is 


dor; whence we derive the value of a,, namely 
2 oer 
= | ¢$ (x) sin 1# dx. 


The whole problem is reduced to considering the value of the 
integrals which enter into the second member, and to demon- 
strating the two preceding propositions. The integral 


2 sin ju sin tx dix, 
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taken from «= 0 to #=7, in which ¢ and j are integers, is 
paz sin-Da-Fp sin +N atC. 


Since the integral must begin when «=0 the constant C is 
nothing, and the numbers ¢ and 7 being integers, the value of the 
integral will become nothing when «w=77; it follows that each 
of the terms, such as 


a, | sing siniadz, a, | sin 2a sintxdx, a,|sin38xsinizdaz, &c., 


vanishes, and that this will occur as often as the numbers 7 and j 
are different. The same is not the case when the numbers 7 and j 


are equal, for the term =e (¢—Jj) # to which the integral re- 
duces, becomes x and its value is 7. Consequently we have 
2 {sin ww siniedz = 7; 


thus we obtain, in a very brief manner, the values of a,, @,, Garase 
a,, &c., namely, 


2 : 2 , 
a, == | 6(2) sin x da, a,== [$(2) sin 2a dz, 
=? (gc) duit, oe Cea 
Coe ee f(a) sin 3x da, a, = — (x) sin ta da. 
Substituting these we have 
harp (x) = sin =| $(2) sin dx + sin 20 {¢ (x) sin 2a da + &e. 
ete { ch (ony aint coach oem 


222. The simplest case is that in which the given function 
has a constant value for all values of the variable w included 


between 0 and 7; in this case the integral | sin iv da is equal to 


- if the number 2 is odd, and equal to 0 if the number 7 is even. 
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Hence we deduce the equation 


i , ibe: le Ive 
97 = Sing +3 sin 32+ sin 5a +7 sin 7x + &e., 


which has been found before. 


It must be remarked that when a function ¢(a) has been de- 
veloped in a series of sines of multiple arcs, the value of the series 


asina+6 sin22+¢ sin 3a+d sin 4x + &c. 


is the same as that of the function ¢(x) so long as the variable x 
is included between 0 and 77; but this equality ceases in general 
to hold good when the value of # exceeds the number 7. 


Suppose the function whose development is required to be a, 
we shall have, by the preceding theorem, 


are = sina | a sin xda + sin Qe | «sin 2x dx 


+ sin 30 [x sin 84 da + &c. 


The integral | "esin tede is equal to ae ; the indices 0 and 7, 
- 0 


which are connected with the sign i , shew the limits of the inte- 


gral; the sign + must be chosen when 7 is odd, and the sign — 
when 7iseven. We have then the following equation, 


— 


ee an 20 +5 sin Sx —J sin 4 ¥ © sin Ba — &e 


2 3 4 


bo 


223. We can develope also in a series of sines of multiple 
arcs functions different from those in which only odd powers of 
the variable enter. To instance by an example which leaves no 
doubt as to the possibility of this development, we select the 
function cosa, which contains only even powers of #, and which 
may be developed under the following form: 


asina+bsin 2e+csin 8c¢+d sin 4% +e sin 5x + &c., 


although in this series only odd powers of the variable enter. 
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We have, in‘fact, by the preceding theorem, 


5 00s & ss sin # {cos @ sinwds + sin 20 [ coswsin 2x de 
4+ sin 37 | cos x sin 32 dx + &e. 


The integral | cos x sin ta da is equal to zero when 7 is an 


when ¢ is an even number. Supposing 


odd number, and to — i 


successively 7 = 2, i: 6, 8, etc., we have the always convergent 
series 


im cos = 775 sin 2nt aA, sin 4+ 5° 3 sin 62+ &e. ; 


or, 


Detling L g BE | 
cose = = {(7-+5) sin 20+ (5+ +5) sin 4+ (34 7) sin 6+ &e.h 


This result is remarkable in this respect, that it exhibits the 
development of the cosine in a series of functions, each one of 
which contains only odd powers. If in the preceding equation x 
be made equal to 37, we find 


Lege fe Looe eee. 
ape alit3-3-7*9 +77- &). 


This series is known (Introd. ad an infint, cap. %). 


224, A similar analysis may be employed for the development 
of any function whatever in a series of cosines of multiple ares. 


Let ¢(a) be the function whose development is required, we 
may write 

(x) = a, cos 0x +a, cos x + a, cos 2x + a, cos 8u + &e. 

+, COS 247 SC. areas ens (m). 

If the two members of this equation be multiplied by cos jz, 
and each of the terms of the second member integrated from 
x=0 to =77; it is easily seen that the value of the integral 
will be nothing, save only for the term which already contains 
cos ja. This remark gives immediately: the coefficient a,; it is 
sufficient in general to consider the value of the integral 


| cos jx cos tx da, 
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taken from # = 0 to «= 7, supposing j and 7 to be integers, We 
have 


[cos js 008 te de = 5-7 sin (j+i) 2+ g rGo8 ayaa (y= 1) e+e, 


This integral, taken from 2=0 to x=7, evidently vanishes 
whenever j and ¢ are two different numbers. The same is not 
the case when the two numbers are equal. The last term 


rgSH me 0 


becomes + 
If then we multiply the two terms of the preceding equation (m) 
by cosiz, and integrate it from 0 to 7, we have 


| ¢$ (x) cos ix da = 4rra,, 


and its value is $7, when the arc & is equal to 7. 


an equation which exhibits the value of the coefficient a,. 


To find the first coefficient a,, it may be remarked that in 
the integral 


1 1 
rG4 peat deter je ¢) @, 


if j7=0 and 7=0 each of the terms becomes 5 and the value 


of each term is 47; thus the integral | cos ja cos ixdx taken 


from x=0 to x=7 is nothing when the two integers j and 7 
are different: it is 4% when the two numbers j and 7 are equal 
but different from zero; it is equal to 7 when 7 and 7 are each 
equal to zero ; thus we obtain the following equation, 


drh (x )=5/ (x) dx+cos x |" d(x) cosada+cos 20 | | $ (x) cos 2ada 
+ cos 3x ik : $ (a) cos 8ada+&ce. (n)* 


1 The process analogous to (A) in Art, 222 fails here; yet we see, Art. 177, that 
an analogous result exists, [R. L. E.] 
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This and the preceding theorem suit all possible functions, 
whether their character can be expressed by known methods of 
analysis, or whether they correspond to curves traced arbitrarily. 


225. If the proposed function whose devélopment is required 
in cosines of multiple arcs is the variable x itself; we may write 
down the equation 


1 ; 
9 MH = a, +, COS & + a, COS 2x2 +a, cos 8a+...+a, cos rx + &e., 


and we have, to determine any coefficient whatever a,, the equa- 


tion a,= | xcosizdx. This integral has a nul value when 7 is 
0 

an even number, and is equal to 3 when 7 is odd. We have at 

the same time a, = : a. We thus form the following series, 


1 COs x cos 3a cos 5a cos 7x 

oo 2 Bc ten abide 

We may here remark that we have arrived at three different 
developments for x, namely, 


— &e. 


ig eed ies tgs ba 1 iene! 

3% A Bon, 5 Sn 2 5 in Boy i a 
1 : 2 2 

9% = 7 Sin & — a sin 3a + = sin 5a —&c. (Art. 181), 

1 2 2 2 

9% = ZT — 7 008 & — a cos Ba — 55 cos 5x — &e, 


It must be remarked that these three values of $a ought not 
to be considered as equal; with reference to all possible values of 
x, the three preceding developments have a common value only 
when the variable 2 is included between 0 and 47. The con- 
struction of the values of these three series, and the comparison of 
the lines whose ordinates are expressed by them, render sensible 
the alternate coincidence and divergence of values of these 
functions. 


To give a second example of the development of a function in 
a series of cosines of multiple arcs, we choose the function sina, 
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which contains only odd powers of the variable, and we may sup- 
pose it to be developed in the form 


a+bcosx+ccos 2x+dcos 3x + &e. 


Applying the general equation to this particular case, we find, 
as the equation required, 


1 : 1 cos2z cos4x cos 6a 
—o7 SInxv# = = i) 


4 SUAS MATS a on 


Thus we arrive at the development of a function which con- 
tains only odd powers in a series of cosines in which only even 
powers of the variable enter. If we give to a the particular value 
4r, we find 


1 1 1 1 1 1 


G rats gre 5 7 7.9 1 © 
Now, from the known equation, 
1 1 Re coal ial bce | 1 
we derive 
Lae eae + &e 
Gens en7e oO 11 1915 z 
and also 
ics tT Sn eae 1 &e. 


Adding these two results we have, as above, 


ci Si SS ee ae ee 
[OE te aS ae a aT 


&e. 


226. The foregoing analysis giving the means of developing 
any function whatever in a series of sines or cosines of multiple 
arcs, we can easily apply it to the case in which the function to be 
developed has definite values when the variable is included 
between certain limits and has real values, or when the variable is 
included between other limits. We stop to examine this particular 
case, since it is presented in physica] questions which depend on 
partial differential equations, and was proposed formerly as an ex- 
ample of functions which cannot be developed in sines or cosines 

F, H. 13 
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of multiple arcs. Suppose then that we have reduced to a series of 
this form a function whose value is constant, when a is included 
between 0 and a, and all of whose values are nul when = is in- 
cluded between a and 7. We shall employ the general equation 
(D), in which the integrals must be taken from x=0 to w=7. 
The values of ¢(x) which enter under the integral sign being 
nothing from «=a to ex=7, it is sufficient to integrate from «=0 
to «=a. This done, we find, for the series required, denoting by 
h the constant value of the function, 


1 : l—cos22 . : 
57P(2) = h fc — cos a) sin a + SER SRA Re 2% 
SES sin 80+ oe}. 


If we make h=47, and represent the versed sine of the are # 
by versin x, we have 


d(x) = versin @ sin # + 5 versin 2a sin 2x + : versin 3 sin 3a + &c." 


This series, always convergent, is such that if we give to x any 
value whatever included between 0 and a, the sum of its terms 
will be 477; but if we give to w any value whatever greater than 
a and less than $7, the sum of the terms will be nothing. 


In the following example, which is not less remarkable, the 
values of $(x) are equal to sin ~ for all values of # included 


between 0 and o, and nul for values of x between gand 7. To 
find what series satisfies this condition, we shall employ equa- 
tion (D). 

The integrals must be taken from «=0 to x=7; but it is 
sufficient, in the case in question, to take these integrals from 
x= 0 to =a, since the values of ¢(#) are supposed nul in the 
rest of the interval. Hence we find 


rT’ — a . w— Od T — 37a? 


sina@singw sin2zsin2a_ sin 3a sin 3x2 
(a) = 224 fel 
1 In what cases a function, arbitrary between cértain limits, can be developed 
in a series of cosines, and in what cases in a series of sines, has been shewn by 
Sir W. Thomson, Camb. Math. Journal, Vol. 11. pp. 258—262, in an article 
signed P, Q. R., On Fourier’s Expansions of Functions in Trigonometrical Series. 


[A. F.] 
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If « be supposed equal to 7, all the terms of the series vanish, 


except the first, which becomes a and whose value is sinxz; we 


have then $(z) =sin a. 

227. The same analysis could be extended to the case in 
which the ordinate represented by $(x) was that of a line com- 
posed of different parts, some of which might be arcs of curves 


and others straight lines. For example, let the value of the func- 
tion, whose development is required in a series of cosines of 


2 j 
multiple arcs, be (5) —x*, from «=0 to x=}7, and be nothing 


from «=}7 to 2=7. We shall employ the general equation (n), 
and effecting the integrations within the given limits, we find 


2 
that the general term’ | (5) — a] cos iwd.c is equal to = when @ 
is even, to —% When z is the double of an odd number, and to 
Be when 2 ) four times an odd number. On the other hand, we 


fin ds 3 98 7 te the value of the first term = 5 5 |¢ (x)dx. We have then 


the following development : 


9 ilk 3° 5° tT 
cos2x cos4z cos 6x 


OE 42 + 6 


2 
vib (5) mn 2 fer x cos38x cosd5a cos 7x Re &e.} 


The second member is represented by a line composed of para- 
bolic arcs and straight lines. 


228. In the same manner we can find the development of a 
function of « which expresses the ordinate of the contour of a 
trapezium. Suppose ¢(x) to be equal to # from x=0 to a=a, 
that the function is equal to a from x=a to =7-—<a, and lastly 
equal to r—2, from x=27—atoz=7. To reduce it to a serics 


VRinie ee en oe pee 
(F) -+ ] cos inae= (5 Fi — 7 sin in— = ecos w+ 2— , 


‘ L. E.] 
13—2 
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of sines of multiple arcs, we employ the general equation (D). 


The general term i ¢ (x) sin ix dx is composed of three different 


: oat P 
parts, and we have, after the reductions, sin ta for the coefficient 


of sinix, when 7 is an odd number; but the coefficient vanishes 
when 7 is an even number. Thus we arrive at the equation 


sro @)y=2 {sin-asin x+ i sin 32 sin 3” + : sin 54 sin 5x 


3 BS 
does : 1 
aa zi sin 7a sin 7x + &e,} (X). 


If we supposed a=47, the trapezium would coincide with an 
isosceles triangle, and we should have, as above, for the equa- 
tion of the contour of this triangle, 

5 $(2) = 2 (sin an — a;sin 3a + 2 sin 54 — 7 sin 7x + wel 
a series which is always convergent whatever be the value of a. 
In general, the trigonometric series at which we have arrived, 
in developing different functions are always convergent, but it 
has not appeared to us necessary to demonstrate this here ; for the 
terms which compose these series are only the coefficients of terms 
of series which give the values of the temperature; and these 
coefficients are affected by certain exponential quantities which 
decrease very rapidly,.so that the final series are very convergent. 
With regard to those in which only the sines and cosines of 
multiple arcs enter, it is equally easy to prove that they are 
convergent, although they represent the ordinates of discontinuous 
lines. This does not result solely from the fact that the values 
of the terms diminish continually; for this condition is not 
sufficient to establish the convergence of a series. It is necessary 
that the values at which we arrive on increasing continually the 
number of terms, should approach more and more a fixed limit, 


1 The accuracy of this and other series given by Fourier is maintained by 
Sir W. Thomson in the article quoted in the note, p.'194. 
2 Eixpressed in cosines between the limits 0 and 7, 


Le (aes cos 2 I cos 6 + con 10x & 
a7 ae e+ 35 Baap sg Fe 


Cf. De Morgan’s Diff. and Int. Calc., p. 622. [A. F.] 
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and should differ from it only by a quantity which becomes less 
than any given magnitude: this limit is the value of the series, 
Now we may prove rigorously that the series in question satisfy 
the last condition. 


229. Take the preceding equation (A) in which we can give 
to x any value whatever; we shall consider this quantity as a 
new ordinate, which gives rise to the following construction. 


Fig. 8. 


Having traced on the plane of x and y (see fig. 8) a rectangle 
whose base Oz is equal to the semi-circumference, and whose 
height is 477; on the middle point m of the side parallel to the 
base, let us raise perpendicularly to the plane of.the rectangle 
a line equal to 47, and from the upper end of this line draw 
straight lines to the four corners of the rectangle. Thus will be 
formed a quadrangular pyramid. If we now measure from the 
point O on the shorter side of the rectangle, any line equal to a, 
and through the end of this line draw a plane parallel to the base 
Oz, and perpendicular to the plane of the rectangle, the section 
common to this plane and to the solid will be the trapezium whose 
height is equal to a. The variable ordinate of the contour of 
this trapezium is equal, as we have just seen, to 


; lst ; 
a (sin asing + : sin 3 sin 3a + 5 sin 5a sin 5x4 + &c.] : 
Tv 


It follows from this that calling 2, y,.2 the co-ordinates of any 
point whatever of the upper surface of the quadrangular pyramid 
which we have formed, we have for the equation of the surface 
of the polyhedron, between the limits 


ca=0, «=m, y=0, y= 5T, 


1___singsiny , sin 3xsin 3y 4 sin 5a sin 5y Rae 


Que Pr 33 5 
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This convergent series gives always the value of the ordinate 
z or the distance of any point whatever of the surface from the 
plane of w and y. 


The series formed of sines or cosines of multiple arcs are 
therefore adapted to represent, between definite limits, all possible 
functions, and the ordinates of lines or surfaces whose form is 
discontinuous. Not only has the possibility of these develop- 
ments been demonstrated, but it is easy to calculate the terms 
of the series; the value of any coefficient whatever in the 
equation 


¢ (x) =a, sin x + a, sin 27 + a, sin 32 +... + a,sinizx + ete., 


is that of a definite integral, namely, 


. ¢ (x) sin ix da. 


Whatever be the function ¢ (xz), or the form of the curve 
which it represents, the integral has a definite value which may 
be introduced into the formula, The values of these definite 


integrals are analogous to that of the whole area | f (x) daz in- 


cluded between the curve and the axis in a given interval, or to 
the values of mechanical quantities, such as the ordinates of the 
centre of gravity of this area or of any solid whatever. It is 
evident that all these quantities have assignable values, whether 
the figure of the bodies be regular, or whether we give to them 
an entirely arbitrary form. 


230. If we apply these principles to the problem of the motion 
of vibrating strings, we can solve difficulties which first appeared 
in the researches of Daniel Bernoulli. The solution given by this 
geometrician assumes that any function whatever may always be 
developed in a series of sines or cosines of multiple arcs.: Now 
the most complete of all the proofs of this proposition is that 
which consists in actually resolving a given function into such a 
series with determined coefficients. 

In researches to which partial differential equations are ap- 
plied, it is often easy to find solutions whose sum composes a 
more general integral; but the employment of these integrals 
requires us to determine their extent, and to be able to dis- 
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tinguish clearly the cases in which they represent the general 
integral from those in which they include only a part. It is 
necessary above all to assign the values of the constants, and 
the difficulty of the application consists,in the discovery of the 
_ coefficients. It is remarkable that we can express by convergent 
series, and, as we shall see in the sequel, by definite integrals, 
the ordinates of lines and surfaces which are not subject to a 
continuous law’. We see by this that we must admit into analysis 
functions which have equal values, whenever the variable receives 
any values whatever included between two given limits, even 
though on substituting in these two functions, instead of the 
variable, a number included in another interval, the results of 
the two substitutions are not the same. The functions which 
enjoy this property are represented by different lines, which 
coincide in a definite portion only of their course, and offer a 
‘singular species of finite osculation. These considerations arise 
in the calculus of partial differential equations; they throw a new 
light on this calculus, and serve to facilitate its employment in 
physical theories. 


231. The two general equations which express the develop- 
ment of any function whatever, in cosines or sines of multiple 
arcs, give rise to several remarks which explain the true meaning 
of these theorems, and direct the application of them. 

If in the series 

a+bcosx+ccos 27+d cos 3#+ ecos4x+ &e., 
we make the value of x negative, the series remains the same; it 


also preserves its value if we augment the variable by any multiple 
whatever of the circumference 27. Thus in the equation 


5m (a) =3{¢ (x) da + cos x |p (x) cos ada 


+ cos 2a | (a) cos 2ada + cos 3x | f (x) cos 8xda + &e....(v), 


the function ¢ is periodic, and is represented by a curve composed 
of a multitude of equal arcs, each of which corresponds to an 


1 Demonstrations have been supplied by Poisson, Deflers, Dirichlet, Dirksen, 
Bessel, Hamilton, Boole, De Morgan, Stokes. See note, pp. 208, 209, [A. F.] 
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interval equal to 27 on the axis of the abscissee. Further, each of 
these arcs is composed of two symmetrical branches, which cor- 
respond to the halves of the interval equal to 27. 


Suppose then that we trace a line of any form whatever $¢2 
(see fig. 9.), which corresponds to an interval equal to 7. 


Fig. 9. 


‘ 
1 
1 
' 


he 
r 
‘ 


4 ——3-¥ 
If a series be required of the form 
a+bcos2+ccos 27+d cos 3x + &e., 


such that, substituting for # any value whatever X included be- 
tween 0 and z, we find for the value of the series that of the 
ordinate X¢, it is easy to solve the problem : for the coefficients 
given by the equation (v) are 


2 | $ (x) dx, a: =| $ (x) cos 2xdz, =f | $ (x) cos ada, &e. 


These integrals, which are taken from e=0 to x=7, having 
always measurable values like that of the area Ofam, and the 
series formed by these coefficients being always convergent, there 
is no form of the line ¢¢2, for which the ordinate X¢ is not 
exactly represented by the development 


a+beosx+ceos2x+d cos 3x+ ecos 4x + &e. 


The arc $¢z2 is entirely arbitrary ; but the same is not the case 
with other parts of the line, they are, on the contrary, determinate; 
thus the are éz which corresponds to the interval from 0 to — 7 is 
the same as the arc da; and the whole arc aga is repeated on 
consecutive parts of the axis, whose length is 27. 


We may vary the limits of the integrals in equation (v). If 
they are taken from «=—m to x=7 the result will be doubled: 
it would also be doubled if the limits of the integrals were 
0 and 27, instead of being 0 and w. We denote in general by the 
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b. 
sign | an integral which begins when the variable is equal to a, 


and is completed when the variable is equal to b; and we write 
Be (n) under the following form : 


- 5m (x) == An $ ( (a) da-+cosa | (x) cos ada + cost |" ( $ (a) cos 2adz 


+ cos 3x i ¢ (x) cos 3ada + ete. .......... (v). 
C0) 


Instead of taking the integrals from x= 0 to «=7, we might 
take them from #= 0 to x = 27, or from «=—7 to x=7; but in 
each of these two cases, 7 (x) must be written instead of 47r¢ (x) 
in the first member of the equation. 


232. In the equation which gives the development of any 
function whatever in sines of multiple arcs, the series changes 
sign and retains the same absolute value when the variable x 
becomes negative; it retains its value and its sign when the 
variable is increased or diminished by any multiple whatever of 


Fig. 10. 


the circumference 27. The are dda (see fig. 10), which cor- 
responds to the interval from 0 to 7 is arbitrary; all the other 
parts of the line are determinate. The arc dda, which corresponds 
to the interval from 0 to — 7, has the same form as the given arc 
¢da; but it is in the opposite position. The whole arc ad¢g¢d¢a is 
repeated in the interval from 7 to 37, and in all similar intervals. 
We write this equation as follows: 


smd (x) =sin x [ e ¢ (x) sm ada + sin 2a i ; f (x) sin Qxdax 


+ sin 3x i a (x) sin Bada t+ Ke. vce (u). 
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We might change the limits of the integrals and write 


2r +7 T 
| or | instead of | : 
0 —7 0 


but in each of these two cases it would be necessary to substitute 
in the first member ¢@ (a) for }7¢ (a). 


233. The function ¢ («) developed in cosines of multiple arcs, 
is represented by a line formed of two equal arcs placed sym- 


Fig. 11. 


metrically on each side of the axis of y, in the interval from 
—7 to +7 (see fig. 11); this condition is expressed thus, 


(2) = $ (—4). 
The line which represents the function yf (a) is, on the contrary, 


formed in the same interval of two opposed arcs, which is what is 
expressed by the equation 
p (2) =— (-2). 

Any function - whatever F(a), represented by a line traced 
arbitrarily in the interval from — 7 to + 7, may always be divided 
into two functions such as $¢(#) and y (x). In fact, if the line 
F'F'mFF represents the function £'(x), and we raise at the point 
o the ordinate om, we can draw through the point m to the right 
of the axis om the arc mff similar to the arc mI’ F of the given 
curve, and to the left of the same axis we may trace the are m/f'f’ 
similar to the arc m#’F’; we must then draw through the point m 
a line ¢'’md¢ which shall divide into two equal parts the differ- 
ence between each ordinate wf or a f’ and the corresponding 
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ordinate af or w I’. We must draw also the line WOW, whose 
ordinate measures the half-difference between the ordinate of 
F'F'mFF and that of f’f'mff. This done the ordinate of the 
lines F”F’mFF, and f' f'mff being denoted by F(x) and f(a) 
respectively, we evidently have f(x) = F'(— x); denoting also the 
ordinate of ¢'¢'md¢ by ¢ (a), and that of WyOvy by (2), 


we have 


F(z)=$ («) + (#) and f()=$(@)-¥ (@)=F(-2), 


hence ; 
b (0) =5 F(a) +5 F(-2) and y @)=5 F(@) — 3 F(-2), 


whence we conclude that 
$ (w)=$(—2) and p(x) =—¥ (— 2), 
which the construction makes otherwise evident. 


Thus the two functions ¢ («) and yf (#), whose sum is equal to 
F (x) may be developed, one in cosines of multiple arcs, and the 


_ other in sines. 


If to the first function we apply equation (v), and to the second 
the equation (), taking the integrals in each case from #=— a7 
to x=7r, and adding the two results, we have 


m[$(2) + p(@)] = 7L@) 
=5/$@ dx + cos x | (2) cos x da + cos 20 [¢ (0) cos 2a dx + &e. 


+ sin x {y (x) sin «dx + sin 2x fro sin 2a da + &c. 


The integrals must be taken from w=—7 to x=7. It may now 
+1 aes 
be remarked, that in the integral i (x) cosxzdx we could, . 


without changing its. value, write $(x) +(x) instead of $(x): 
for the function cosa being composed, to right and left of the 
axis of x, of two similar parts, and the function #(«) being, on the 


¢ ‘or 
contrary, formed of two opposite parts, the integral | (a) cos xdx 


vanishes. The same would be the case if we wrote cos 2x or 
cos 3x, and in general cos7x instead of cosa, 7 being any integer 
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+7 
from 0 to infinity. Thus the integral : (x) costa dx is the same 


as the integral 


| ac: (x) + (x)] costa dx, or / F (a) cos tx dx. 


It is evident also that the integral | ie (x) sin iz dx is equal 


ir 41 
to the integral | F(x) sin tx dx, since the integral | (a) siniadx 
vanishes. Thus we obtain the following equation (p), which serves 
to develope any function whatever in a series formed of sines and 
cosines of multiple ares : 


1 
nF (2) = 5 i F(a) dee (p) 
+ cos x | F(x) cos x dc + cos 2” | F(x) cos 2 dx + &e. 


+ sin 2 {F(@) sin x dc + sin 20 [ F(a) sin 2x dx + &e. 


234. The function F(x), which enters into this equation, is 
represented by a line F’F’ FF, of any form whatever. The arc 
F’F’FF, which corresponds to the interval from —7 to +7, is 
arbitrary ; all the other parts of the line are determinate, and the 
arc H”F’ FF is repeated in each consecutive interval whose length 
is 27. We shall make frequent applications of this theorem, and 
of the preceding equations () and (v). 


If it be supposed that the function F(x) in equation (p) is re- 
presented, in the interval from —7 to +7, by a line composed of 
two equal arcs symmetrically placed, all the terms which contain 
sines vanish, and we find equation (v). If, on the contrary, the 
line which represents the given function F(x) is formed of two 
equal arcs opposed in position, all the terms’ which do not contain 
sines disappear, and we find equation (uv). Submitting the func- 
tion F(x) to other conditions, we find other results. 


If in the general equation (p) we write, instead of the variable 


x, the quantity = x denoting another variable, and 27 the length 


~ 
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of the interval which includes the arc which represents F(a) ; 


the function becomes F (=), which we may denote by /(). 


The limits z=—7 and x= become = =-—T, = = 77; we 
have therefore, after the substitution, 
1 +r 
=5] f@ae (P). 


+ cos = | f() cos ™ de + cos | f(x) cos =2 dn + ete, 
s x . We . Qrax . Qrx 
+ sin 7 f(a) sin as da + sin — — J (a) sin ag dx + etc. 
All the integrals must be taken like the first from «=—r to 


x=+r. If the same substitution be made in the equations (v) 
and (uz), we have 


Sofa) = 5{ fe) dc + cos TE | f(a) cos ae 


+ cos =r! [if (c) cos are OD -E Se verre: ces (N), 
and 


1 Petes aan fe _ 7H 
5 7f(e) =sin = | f(e) sin ~~ dx 


Spite [re sin BEE DM srcice (M). 


In the first equation (P) the integrals might be taken from 
from z= 0 to x= 2r, and representing by « the whole interval 2r, 
we should have’ 


1 It has been shewn by Mr J. O’Kinealy that if the values of the arbitrary 
function f (x) be imagined to recur for every range of x over successive intervals }, 
we have the symbolical equation 


NEL 
(e° #-1) f(x)=0; 
and the roots of the auxiliary equation being 


sh, n=9, 1, 2, 3...0, [Zurn over. 
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1 1 
5X fle) = 5 [ f(a) de (1 


oe ire 


+sin 23" [f(@) s —7 da + si fin Te [f(@) sin =F de + he. 


235. It follows from that which has been proved in this sec- 
tion, concerning the development of functions in trigonometrical 
series, that if a function f(a) be proposed, whose value in a de- 
finite interval from. «=0 to x=X is represented by the ordinate 
of a curved line arbitrarily drawn; we can always develope this 
function in a series which contains only sines or only cosines, or 
the sines and cosines of multiple arcs, or the cosines only of odd 
multiples. To ascertain the terms of these series we must employ 
equations (M), (N), (P). 


The fundamental problems of the theory of heat cannot be 
completely solved, without reducing to this form the functions 
which represent the initial state of the temperatures. 


These trigonometric series, arranged according to cosines or 
sines of multiples of arcs, belong to elementary analysis, like the 
series whose terms contain the successive powers of the variable. 
The coefficients of the trigonometric series are definite areas, and 
those of the series of powers are functions given by differentiation, 
in which, moreover, we assign to the variable a definite value. We 
could have added several remarks concerning the use and pro- 
perties of trigonometrical series; but we shall limit ourselves to 
enunciating briefly those which have the most direct relation to 
the theory with which we are concerned. 


it follows that 


2 2 
f (@) =Ay+ Ay cos —~ + Ay cos 2 —* + dq 00s 8 PT + we, 


_ 2 ohare ; 
+B, sin “= + By sin 2 <= + B,sin8 PTE 4 0, 


The oe being determined in Fourier’s manner by multiplying both 


nom WH 5 : : 
sides by °° Pe and integrating from 0 tod. (Philosophical Magazine, August — 
1874, pp. 95, 96). [A.F.] 


SECT. VI.] REMARKS ON THE. SERIES. 207 


Ist. The series arranged according to sines or cosines of mul- 
tiple ares are always convergent; that is to say, on giving to the 
variable any value whatever that is not imaginary, the sum of the 
terms converges more and more to a single fixed limit, which is 
the value of the developed function. 


2nd. If we have the expression of a function f(x) which cor- 
_ responds to a given series 


a+bcosx+ccos2« +d cos 34+ ecos 4x + &e., 
and that of another function ¢ (x), whose given development is 
a+ Pcosx2+ycos 2x+ 6 cos 3a + € cos 4a + ie, 
it is easy to find in real terms the sum of the compound series 
aa+bB+cy+dd+ ee + &e.,* 
and more generally that of the series 
aa + bB cos «+ cy cos 2a + dé cos 3x + ee cos 4a + &e., 


which is formed by, comparing term by term the two given series. 
This remark applies to any number of series. 


3rd. The series (P) (Art. 234) which gives the development 
of a function /’'(z) in a series of sines and cosines of multiple ares, 
may be arranged under the form 


Sal 5/ FO) da 
+ cos a» | F(a) cos ada + cos 20 | F (a) cos 2adz+ &e. 
+sin x [F (a) sin ada+ sin 20 | F (a) sin 2adz+ &e. 


a being a new variable which disappears after the integrations, 


We have then 
+o 1 
ae | F(@) da 15 
3 + cos 7 cos a + cos 2a cos 24 + cos 3x cos 8a + Ke. 
4+ sina sin a+ sin 2x sin 24 + sin 8x sin 3a + &e} ; 
1 We shall have 


[reoe de=aar+ hn {b8teyt...}. [R. L. E.] 
0 
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or 
F(e)=1f" F (2) da {5 + 08 (—a) +0082 (2-2) + ae. 


Hence, denoting the sum of the preceding series by 
= cos ¢ (a — 4) 


taken from 1=1.to 1=0@, we have 
F (2) =-[F@ dz {5+ ¥ cos i (w — a). 


The expression af % cost (*#—a) represents a function of x 


and a, such that if it be multiplied by any function whatever F(a), 
and integrated with respect to a between the limits a=—a and 
a=, the proposed function F(a) becomes changed into a like 
function of x multiplied by the semi-circumference 7. It will be 
seen in the sequel what is the nature of thé quantities,-such as 


5 tS eos i (w— a), which enjoy the property we have just enun- 
ciated. 


4th. If in the equations (M), (N); and (P) (Art 234), which 
on being divided by r give the development of a function f(a), 
we suppose the interval 7 to become infinitely large, each term of 
the series is an infinitely small element of an integral; the sum of 
the series is then represented by a definite integral. When the 
bodies have determinate dimensions, the arbitrary functions which 
represent the initial temperatures, and which enter into the in- 
tegrals of the partial differential equations, ought to be developed 
in series analogous to those of the equations (M), (N), (P); but 
these functions take the form of definite integrals, when the 
dimensions of the bodies are not determinate, as will be ex- 
plained in the course of this work, in treating of the free diffusion 
of heat (Chapter Ix.). 


Note on Section VI. On the subject of the development of a function whose 
values are arbitrarily assigned between certain limits, in series of sines and 
cosines of multiple arcs, and on questions connected with the values of such 
series at the limits, on the convergency of the series, and on the discontinuity 
of their values, the principal authorities are 

Poisson, Théorie mathématique de la Chaleur, Paris, 1835, Chap. vir. Arts. 
92—102, Sur la maniére d’cxprimer les fonctions arbitraires par des séries de 
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quantités périodiques. Or, more briefly, in his Traité de Mécanique, Arts. 325—328. 
Poisson’s original memoirs on the subject were published in the Journal de Ecole 
Polytechnique, Cahier 18, pp. 417—489, year 1820, and Cahier 19, pp. 404—509, 
year 1823. 

De Morgan, Differential and Integral Calculus. London, 1842, pp. 609—617. 
The proofs of the developments appear to be original. In the verification of the 
developments the author follows Poisson’s methods. 

Stokes, Cambridge Philosophical Transactions, 1847, Vol. vi11. pp. 583—556. 
On the Critical values of the sums of Periodic Series. Section I. Mode of ascertain- 
ing the nature of the discontinuity of a function which is expanded in a series 
of, sines or cosines, and of obtaining the developments of the derived functions. 
Graphically illustrated. 

-Thomson and Tait, Natwral Philosophy, Oxford, 1867, Vol. 1. Arts. 75—77. 

Donkin, Acoustics, Oxford, 1870, Arts. 72—79, and Appendix to Chap. Iv. 

Matthieu, Cours de Physique Mathématique, Paris, 1873, pp. 383—36. 

Entirely different methods of discussion, not involving the introduction of 
arbitrary multipliers to the successive terms of the series were originated by 

Dirichlet, Crelle’s Journal, Berlia, 1829, Band tv. pp. 157—169. Sur la con- 
vergence des séries trigonométriques qui servent a représenter une fonction arbitraire 
entre les limites données. The methods of this memoir thoroughly deserve at- 
tentive study, but are not yet to be found in English text-books. Another memoir, 
of greater length, by the same authcr appeared in Dove’s Repertorium der Physik, 
Berlin, 1837, Band 1. pp. 152—174. Ueber die Darstellung ganz willkiihrlicher 
Functionen durch Sinus- und Cosinusreihen. Von G. Lejeune Dirichlet. 

Other methods are given by 

Dirksen, Crelle’s Journal, 1829, Band 1v. pp. 170—178. Ueber die Convergenz 
einer nach den Sinussen und Cesinussen der Vielfachen eines Winkels fortschreiten- 
den Reihe. 

Bessel, Astronomische Nachrichten, Altona, 1839, pp. 230—238. Ueber den 
Ausdruck einer Function (x) durch Cosinusse und Sinusse der Vielfachen von x. 

The writings of the last three authors are criticised by Riemann, Gesammelte 
Mathematische Werke, Leipzig, 1876, pp.-221—225, Ueber die Darstellbarkeit einer 
Function durch eine Trigonometrische Reihe. 

On Fluctuating Functions and their properties, a memoir was published by 
Sir W. R. Hamilton, Transactions of the Royal Irish Academy, 1843, Yol. xix. pp. 
264321. The introductory and conclu7ing remarks may at this stage be studied. 

The writings of Deflers, Boole, and others, on the subject of the expansion 
of an arbitrary function by means of a double integral (Fourier'’s Theorem) will 
be alluded to in the notes on Chap. IX. Arts. 361, 362. [A. F.] 


SECTION VII. 
Application to the actual problem. 


236. We can now solve in a general manner the problem of 
the propagation of heat in a rectangular plate BAC, whose end A 
is constantly heated, whilst its two infinite edges B and C are 
maintained at the temperature 0. 7 


F. H. 14+ 
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Suppose the initial temperature at all points of the slab BAC 
to be nothing, but that the temperature at each point m of the 
edge A is preserved by some external cause, and that its fixed 
value is a function f(#) of the distance of the point m from the 
end O of the edge A whose whole length is 2r; let v be the 
constant temperature of the point m whose co-ordinates are # and 
y, it is required to determine v as a function of x and y. 


The value v= ae™ sin mz satisfies the equation 
WO. Ot 


de dees 


a and m being any quantities whatever. If we take m= i= ; 


- ¥ ., 
. ° . tee ten IRE : 
t being an integer, the value ae "sin ae vanishes, when #=7, 


whatever the value of y may be. We shall therefore assume, as a 
more general value of », 


—3nZ. 


y 
—2 ws 31x 
r sin ae + &e. 


-rZ . wa ae , Qrxe 
v=ae *sin—-+ae sin — +a 
r r 


If y be supposed nothing, the value of v will by hypothesis 
be equal to the known function f(~). We then have 


f() =a, sin ™ + a, sin = + a, sin = + &e, 


The coefficients a,, a,, a,, &c. can be determined by means of 
equation (M), and on substituting them in the value of v we have 


1 a . 72 -ar% . Qarx . 2arar 
5 rv =e r sin ™ [ f(@) sin t de+e r sin ==" | #(2)sin "de 


gnu 


+e. r sin = [ F(@) sin ST do + &e 


237. Assuming r = 7 in the preceding equation, we have the 
solution under a more simple form, namely 


: mv=e sin o | f(e) sin ada+eée™ sin 2 fa) sin 2a da 


+e" sin 8a [ f(@) sin Bade + &0.....0.. (ai 
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or 
1 7 Pistons ae 
3 7= J (a) da (e” sin # sina + e™ sin 2 sin 24 

CY) 


+e™ sin 3c sin 32 + &c.) 
a is a new variable, which disappears after integration. 


If the sum of the series be determined, and if it be substituted 
in the last equation, we have the value of v in a finite form. The 
‘double of the series is equal to 


e” [cos (w — 2) — cos (wv +a)] + &™ [cos 2 (x — a) — cos 3 (a +a)] 
+e [cos 3 (a —a) — cos 3 (w+ a)] + &.; 
denoting by F (y, p) the sum of the infinite series 
e*’cosp+e™ cos 2p +e cos 3p + &e., 
we find 


rv =["f@da{Fy,2—2) _ Fly, +0)}. 


We have also 
e wtp /=1) + eo tlyte v=) + este VI) Je &e. 
20 (y, P) - ae re e2u-pN-) 4 9-8iu-pV-1) + &e. 


e ute v-1) ewe V=1) 


= 1—euev ay i Peas See 


cos p—e” 
ee 2) = saacnp tet’ 
whence 


a cos(a—a)—e" —_— cos (w+a)—e” 
a= | f (8) da lg e’ —2cos(a+a)+e%)’ 


or 
f 2(e’ —e”) sin # sina 
m= | folds lean eee Bon CTO 


or, decomposing the coefficient into two fractions, 


e—e* [* f 1 1 
2 | ON eee e’—2cos(a+a)+e”) 
14—2 


TV = 
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This equation contains, in rea] terms under a finite form, the 
av 
the uniform movement of heat in a rectangular soli Exposed at 

its extremity to the constant oe of a single source of heat. ; 


integral of the equation 5% +-—;= 0, applied to 


At is easy to ascertain” he relations of this integral to the 
general integral; ‘which has two arbitrary functions; these func- 
tions are Dy the very nature of the problem Setanta and 
nothing - arbitrary remains but the function f(a), considered 
betweei the limits a=0 and a=. Equation (a) represents, 
under a simple form, suitable for numerical applications, the same 
value of v reduced to a convergent series. 


é It we wished to determine the quantity of heat which the solid 
tpitains when it has arrived at its permanent state, we should 
take the integral [dx fdyv from «=0 to x=7, and from y=0 to 
y=; the result would be proportianal to the quantity required. 
In general there is no property of the uniform movement of heat 
in a rectangular plate, which is not exactly represented by this 
solution. 


We shall next regard problems of this kind from another point 
of view, and determine the varied movement of heat in different 


bodies. 


